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Abstract

Thereis discussionf trafc displaysmultiple phaseqe.g.laminar jammed,synchronized)r
not. This papempresentgomputationaévidencethata stochasticarfollowing model,by chang-
ing oneof its parameters;anbe movedfrom having two phaseglaminarandjammed)to having
only onephase Modelswith two phaseshow threestatestwo beinghomogeneoustatescorre-
spondingto eachphaseandathird statewhich consistf a mix betweerthetwo phasegphase
coeistence).

Although the gas-liquidanalogyto trafc modelshasbeenwidely discussedno traf c-related
model ever displayeda completelyunderstoodstotastic versionof that transition. Having a
stochastianodelis importantto understandhe potentiallyprobabilisticnatureof the transition.
Mostimportantly if indeed2-phasemodelsdescribecertainaspectsorrectly thenthis leadsto
predictionsfor breakdaevn probabilities.Alternatively, if 1-phasemodelsdescribetheseaspects
better thenthereis no breakdovn. Interestingly such1l-phasemodelscanstill allow for jam
formationon smallscaleswhich may give theimpressiorof having a 2-phasedynamics.

Besideggoinginto the detailswith the above agumentswe will alsoprovide somemoregen-
eral overvien abouttrafc jam dynamicsandtrafc jam modelling by microscopicand uid-
dynamicalmodels.
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1. Introduction

Both from an operationsandfrom a designperspectie, the capacityof a roadis animportant
quantity If demandexceedscapacity queueswill form, which represena costto thedriver and
thusto the economicsystem.In addition,suchqueuesnayimpactotherpartsof the system for
exampleby spilling backinto links usedby driverswho areon a paththatis not overloaded.

This paperdiscussefreevay capacity The questionconcernghe maximum o ws thatfreevays
canreach,andif the maximum o ws sometimebsened( 2500vehiclesperhourandlane)
aresustainableo ws or short-term uctuations. Let usassumehatthereis trafc with afairly
highdensity onafreeway, but vehiclesarestill ableto driveatsomefastvelocity . Throughput
is . Thequestions whatwill happenf densityis furtherincreasedCan furtherincrease
because increasesnorethan decreasesWill graduallydecreasdecause increasedut

decreasetaster?Or is therea possibility thattraf ¢ will breakdown, leadingto stop-and-go
trafc?

Moretechnically thequestionis if thereis, for eachdensity , avelocity andcorresponding
throughput at which trafc o w is smoothand homogeneousOr is therea
densityrangewherethat homogeneousrafc o w is unstable,andtrafc hasa tendenyg to
reoiganizeinto a stop-and-gg@atternwith possiblylowerthroughput?

Thereis in factalong historyof publicationsaboutbreakdevn behaior in freevaytraf c, some-
times called “reverselambdashapeof the fundamentadiagram” (Koshi et al., 1983; Kerner,
1999),“hysteresis”(TreitererandMyers, 1974),“capacitydrop” (KernerandRehborn,1996a),
“catastrophdheory” (Acha-DazaandHall, 1993),andthelike. Fromthe modelingside,there
hassincelong beendiscussiongaboutananalogyto a gas-liquidtransition(PrigogineandHer-

man, 1971; Reisset al., 1986), and recentwork hasestablishedrafc modelswhich display
deterministicversionsof a liquid-gas-like transition(KernerandKonhauser,1994;Bandoet al.,

1995).

On the otherhand,measurementgy Cassidy(1998)indicatethattherecanbe stablehomoge-
neous o w at all densities.MuifiozandDaganzq(in press)point out correctlythatmary of the
“inverselambda’obsenationscouldalsobeexplainedby geometricatonstraintsin thefollow-

ing way. A bottleneckdownstreanmof a measuremenbcationcancausethefollowing temporal
sequencef measurements:

1. Thesystemstartswith low o w atlow densities.

2. Both o w anddensitykeepincreasingalongthe “free ow” branchof the fundamental
diagram.

3. This ow canbe largerthanwhatcan o w throughthe bottleneck. Then,a queuestarts
forming atthe bottleneckput thatdoesnotimmediatelyin uence themeasurement.

4. Eventually the queuewill have spilled backto the measuremeribcation. At thatpointin
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time, datapointswill move to amuchhigherdensity while the o w valuewill dropto the
bottleneckcapacity

It cantake up to 20 minutesfor the transitionzone (transitionfrom free o w to queue)
to traversea x ed detectorlocation, leadingto fundamentaldiagramdatapointsthatlie
betweerthefree o w andthe queuestate(MuiozandDaganzojn press).

This mechanisngenerateslatathat looks similar to datashavn in supportof the breakdavn
hypothesis.Unfortunately mary of the publisheddatasetsdo not provide enoughinformation
aboutthe geometricallayout andthe full spatio-temporapicture of the dynamicsin orderto
resole this question.

This questionis not just academic.The correctuseof technicaldevicessuchasrampmetering
or adaptve speedimits (Zackor etal., 1988)depend®ntheanswer For example let usassume
that the homogeneousolutionis unstablein a certaindensityrange,and that the alternatve
stop-and-gasolutionhasa lower throughputthanhomogeneougraf ¢ at the samedensity In
this casethetaskof rampmeteringmight beto keepthe densityaway from the unstabledensity
range.lf densityapproachethisvalue,on-ramptrafc shouldbereduced.

If, ontheotherhand,the homogeneousolutionis stableeverywhere thenrampmeteringshifts
capacityfrom the on-rampto the throughlanes,andit avoids slowdown on the freevay andits
emissionconsequenced.herewould however be no netcapacityeffect, in thesenseahat—in the
absencef additionalobstructions-throughputdownstreanfrom themeteredampwould bethe
sameno matterif rampmeteringwasswitchedon or not.

If, in addition, breakdaevn is probabilistic,that is, the homogeneousolution can survive for

certainamountsof time, then the questionbecomeswhich risk of breakdevn one would be

willing to accept. Acceptinghigher o w ratesin the ramp meteringalgorithmmight increase
average throughputhput it might alsoincreasehe probability of breakdavn.

Thereis evendiscussiorto includeaspectof stochastidransitionsinto the Highway Capacity
Manual(L. Elefteriadoupersonatommuncation)This couldfor examplemeanthat,for certain
o w levels,onewouldincludea curve describingthe probabilitythattraf ¢ 0 w hasnot broken
down asa function of time. From sucha curve, one could for examplelook up the maximum
densityand o w levelsif oneaccepts, say 1% probability of breakdevn.

Beforecontinuingletusmakethismoreprecise Let usassumehereis adensityrangewherethe
homogeneousolutionis unstable Theway this could(in principle)betesteds to have homoge-
neoudraf c operatingatacertaindensity andto introducea strongdisturbancesayby stopping
onecarfor severalsecondslf theintroduceddisturbancénealsout overtime,thenhomogeneous
trafc atthatdensityis stable;f thedisturbancegrows overtime, thenthehomogeneousolution
is unstableat this density The unstablesolutionneedgwo ingredients:

Out ow from thejamis lessthanthe maximally possiblehomogeneou w.

Thejam, onceit is there ,remainscompactjn otherwords,densityinsidethejamis a x ed
quantitythatshouldessentiallype the samefrom onelocationto the next.
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Thereare at leastthreereferenceqFigs. 2 and 3 in Kernerand Rehborn(1996a); Fig. 3 in

KernerandRehborn(1996b);Fig. 4 in KernerandRehborn(1997))wherethe datapointsto the
existenceof astablejam,embeddedbothupsteamanddownsteamin freetraf c, andwherethe
out ow from thejamis lowerthanthein o w. In the2ndandthe 3rd of thesereferencespnecan
in additionseethatthejamis growing in width, asit shouldin sucha situation,while remaining
compact.In the 1stof thesereferencesthe datato decidethis questionis not sufcient.

Giventhis stateof affairs, it makessenseo look at modeling. The taskis to understandavhich

modelsolutionsarepossibleat all. This understandingvill leadto the predictionsof additional
featureghatwill goalongwith onemechanisnor the other andit mightbe possibleto measure
them,andso the issuewill hopefully be eventuallyresohed. Until then, however, thereis no

agreemenbn the issueof breakdevn in freeway trafc, andin consequenceall engineering
relying on oneor the otherassumptionmay notwork asintended.

Thestartingpointfor our work aresingle-lanecarfollowing models.Thesemodelsaretypically

eitherof thetype or of thetype , Where
is the velocity of a car attime Is the velocity differenceto the carahead,and is the
acceleration. isthegapto thecaraheadwhere , With thefront-buffer-to-front-

buffer distanceand is the spacethe caroccupiesn ajam. Thesemodelscanfor examplebe
foundin Newell (1961)

with (1)
in Bandoetal. (1994)
with (2)
orin Hermanetal. (1959)
3)
Additional parameterbereare (thefreespeed),, , ,and

Whenthesemodelsareimplementedn acomputeythey needto bediscretizedn time,andone
hasto concernoneselfwith the sizeof theintegrationtime step, . A typical discretizations

givenby themodel (4)

— — (5)
and
— (6)

Thesediscretizationgremeantto approachheoriginal coupleddifferentialequationgor

, andthereis awholebodyof literatureavailablefor this (seeg.g.,Presstal. (differentyears),
andreferencegherein). Oncetime delays(via ) areintroducedinto suchequations,
numericaltreatmenbecomesnoredif cult, because¢hedynamicalhistorybetween and
needgo bememorizedn incrementof
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In this situation,it makessenseo look for computationaimodelswhicharenotbasednthelimit

, but which generataisefulresultsalsofor relatively largetime stepsof, say onesecond.
The modelthatwe will usein this paperhasbeenintroducedby Kraul3 (1997a);it is a variant
of amodelusedby Gipps(1981). The Krau3modelhasbeenshownn to befree of collisions,i.e.
that never occurs(Kraul3,1997a;Nageletal., forthcoming).

In additionto being crashfree at large time steps,the Kraul3 modelis also stochastic. The
importantparametefor our studyis a noiseamplitude , whichwe will vary from 0.5to 2. For
or themodelleavestherangeof whereit is plausiblefor traf c.

Ourmainresultsarethefollowing:

For medium , therearethreestatesf traf c, whichwewill call laminar coexistenceand
jammed.The statedependn the density Laminar, occurringat low density meanghat
nearlyall vehicleshave large spacingandaredriving ator nearfree speedsOccurrencef
somemini-jamsis possible but thesemini-jamsarenot sustainedndfar apart. Jammed,
occurringathighdensity meanghatnearlyall vehicleshave smallspacingandaredriving
atlow speed®sr arestopped Coexistencepccurringatintermediatelensity meanghatthe
systemis a mix of laminarandjammedtrafc. In the coexistencestate trafc is strongly
inhomogeneous.

It is importantto notethattherearethreestateglaminar jammed,coexistence)but only
two phaseglaminar jammed). The phaseseferto homogeneousectionsof the system,;
the staterefersto the systemasawhole.

Forlarge , thereis only onephaseof traf c andthereforeonly onestate.Whengoingfrom
low to highdensity carsmove closerandclosertogetherbut traf c remainshomogeneous
atall times.

At some in betweenthereis atransitionfrom the 2-phaseo the 1-phaseaegime.

In the KraulBmodel,change®f alsochangethe averageaccelerationThisis anunfor-
tunatecoincidenceandwe believe thatour generaresultsregardingthe numberof phases
arenotrelatedto this effect.

Deterministicmodels,formulatedeither as car following modelsor as uid-dynamical
modelscandisplayl-phaseor 2-phaséehaior. They canhowevernot displaystochastic
transitionsbetweerthe phases.

Theresultsareimportantfor modelbuilding aswell asfor understandingeld measurements.
In a 2-phasemodel,theorypredictsthattherecanbe a hysteretictransitionfrom the laminarto
the coexistencestatewithouta change in density This meanghat,ata givendensity trafc can
operatean thelaminar o w statefor long times,until it will eventually“breakdown” andswitch
to the coexistencestate.In a 1-phasanodel,this is impossible andthereis only one phasefor
ary givendensity
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A directconsequencef thisis that,if traf ¢ followsal-phaseanodel,ary initial jamwill “smear
out” andthuseventuallygo away, evenwith unchangedtraf c conditions Corversely in a 2-
phasemodelwith densityin the coexistencerange,jams have a typical densityanda typical
shapeof their upstreamanddownstreanfront. Theseshapesrestableunderdisturbanceshat
is, thesystemwill restorethesedensitiesandshapesfterdisturbances.

This paperstartswith Sec.2 which describeghe generalideaof a gas-liquidtransition. Sec.3
describeghe generalkimulationsetupincludingthe car following modelthatis used,discusses
space-timglotsof theresultingdynamicsandinvestigatesransients/s. the steadystate.Sec.4
thenestablishesiow a coexistencestatecanbe numericallydetectedor a givenmodel. Sec.5
reportssimilar resultsfor cellular automata(CA) models. Sec.6 discussehow theseresults
relateto deterministionodels;the papers concludedoy a discussioranda summary

This paperis nearlyidenticalto the TRB'03 AnnualMeetingpaper03-4266.

2. Phases in Traf c

The analogybetweena gas-liquidtransitionand the laminarjammedtransitionof trafc was
pointedout mary times(e.g.Reissetal. (1986);Bandoetal. (1994)). The descriptionof traf c
in the well-known 2- uid-model (Hermanand Prigogine,1979) assumeshe existenceof two
phasesandall simulationmodelswhich usespatialqueuege.g.DYNAMIT, DYNASMART (for
both seewww.dynamictraicassignment.og), Gavron (1998))will displaytwo phasedecause
of the de nition of the dynamics. The two phasesn modelswith queuesare however much
easierto understandhanthe phasesn morerealisticmodels.

In agas-liquidtransition,oneobsenesthefollowing (seealsoFig. 1(a)left):

In thegasphaseatlow densitiesparticlesarespreadutthroughouthesystem Distances
betweenparticlesvary, but the probability of having two particlescloseto eachotheris
very small.

In the liquid phase at high densities particlesare closeto eachother Thereis no crys-
talline structureasin solids, but the densityis similar andin somecasede.g.in water)
evenhigherin theliquid thanin thegasphase Becausef thefactthatthe particlesareso
closeto eachother it is dif cult to compresshe uid ary further

In betweenthereis theso-calledcoexistencestate wheregasandliquid coexist. In typical
experimentsn gravity, theliquid will beatthebottomandthegaswill beaboveit. Without
gravity, aswell asfor examplewithin clouds, dropletsform within the gasand remain
interdispersedin clouds,smalldropletswill eventuallymergetogetheiinto biggerdroplets
(coagulation), which will fall out of the cloud asrain. Without gravity, the dropletswill

just memge but never fall out. The nal stateof the systemis having one big dropletof
liquid, surroundedy gas.
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Figurel: (a) Schematiaepresentationf the gas-liquidtransitionin onedimension. (b) State
of the gas- uid modelasa function of the densityandthe temperature . (c) Space-timeplots

for differentparametersSpaces horizontal;time increaseslovnward; eachline is a snapshot;
vehiclesmove from left to right; fastcarsaregreen slow carsred. for all plots.
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If asystemin thecoexistencestateis compressednoredropletsform and/orexistingones
grow, but the densityboth inside and outsidethe dropletsremainsconstant. Thatis, the
systemreactsby allocatingmore spaceto the high density phase,but not by changing
the densityeither of the gasor the liquid phase. Let us call thosetwo densities and
. Eventually all the spaceis usedup by the liquid. At this point, the systemwill be
homogeneouagainandremainsoif densityis increasedurther.

Thekineticsof thedropletformation(e.g.Lifschitz andPitajevski (1987))is ruledby abalance
betweensurfacetensionandvaporpressure Sincesurfacetensionpulls the droplettogethey it
increaseshe pressuransidethe droplet. This interior pressurgousheswvater moleculesout of
the droplet. Vaporpressureoutsidethe dropletis the balancingforce — it pushegarticlesinto
thedroplet.

Surfacetensionandthusinterior pressur@ependnthedropletradius— the smallerthedroplet,
thelargerthe surfacetensionandthustheinterior pressureTheresultis that,whencomingfrom
smalldensitiesthereis aregime,startingat , wherelargedropletswould alreadybe stable but
smalldropletsarenot. Thatis, if the systemwerein equilibrium,therewould be a coexistence
betweergasanddroplets.But whencomingfrom low density the homogeneougaseouphase
cansurvive for sometime. This supetcritical gasis thusmeta-stable A direct consequence
of meta-stabilityis hysteresis Whencomingfrom low densitiesijt is possibleto go beyond
andstill remainin the gaseouphase.Only aftersomewaiting time will, by a uctuation, some
particlesgetcloseenoughto eachotherto starttheformationof adroplet.

Whenincreasingemperature in a gas/liquidsystemthe 2-phasestructurewill eventuallygo
away. Thishappenwia and approachingeachotherandeventuallymeeting(seeFig. 1(b)).
Thatis, dependingon thetemperature , a uid systemwill eitherdisplaytransitionsfrom gas
to coexistenceandfrom coexistenceto liquid, or therewill benotransitionat all.

We will now move onto describethe supportingevidencefor our claims. As is typical in com-
putationalscience pur evidenceis basedon computersimulations.It is however bacled up by
genericknowledgeaboutphasedransitionsasthey arewell understoodn physics.

3. The Simulations

3.1 Kraul? Model

Thevelocity updateof the Kraumodel(Krau3etal., 1996;Kraul3,1997b)readsasfollows:

— (7)

(8)
(9)
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is thespeedof thecarin front, is the averagevelocity of thetwo carsinvolved,
is the maximumallowed velocity, is the maximumacceleratiorof the vehicles, their
maximumdeceleratiorfor , Isthenoiseamplitude,and is arandomnumberin

Themeaningof thetermsis asfollows:

Eq. (7): Calculationof a “safe” velocity. Thisis the maximumvelocity thatthe follower
candrive whenshewantsto be sureto avoid a crash(Kraul3etal., 1996;Krauf3,1997b).
Themainassumptions thatthe caraheadwill never deceleratéasterthan , andthatthe
carof thefollower canalsodeceleratevith upto .

Eq.(8): Thedesiredvelocity is theminimumof: (a) currentvelocity plusacceleration(b)
safevelocity, (c) maximumvelocity (e.g.speedimit).

Eq.(9): Somerandomnesss addedo thedesiredvelocity.

After thevelocitiesof all vehiclesareupdatedall vehiclesaremoved.

The Kraul3 model hasbeenprovento be free of crashedor numericaltime steps  smaller
thanor equalto the reactiontime, (Kraul3,1997b;Nagelet al., forthcoming). We will use
as hascorventionally beenusedfor the Krau3 model. We further use ,

, for all simulations.

The modelis free of units; this is a propertythatit hasinheritedfrom the cell-basedcellular
automatamodels.A reasonablealibrationis: time stepscorrespondo secondsandcellscorre-

spondo  meters.Thereactiontimethenis assumedo be secondand corresponds
to m/sor  km/h. correspond$o amaximumacceleratiomf  m/spersecondr
km/h persecond. correspond$o a maximumdeceleratiorof km/h persecond.

All simulationsaredonein a 1-lanesystemof length  with periodicboundaryconditions(i.e.
theroadis bentinto aring). Let  bethe numberof carson theroad. The (global) densityis

3.2 Pictures

Beforeanalysingthe Kraul3-modelhumerically it is instructve to look at the space-timeplots
in Fig. 1(c). Space-timeplots are picturesof the time evolution of the system. In Fig. 1(c),
vehiclesdrive to theright andtime pointsdown. Eachrow of pixelsis a “snapshot’of the state
of theroad.In principle,onecouldreconstructhetrajectoryof aparticularcarby connectinghe
correspondingixels. In practice,at the displayedresolutionthisis closeto impossibleandone
mostly obseresthelargerscaletrafc jam structure.Trafc jamsmove againstthedirectionof
driving. Thefollowing refersto eachindividual case(i)—(iv) of Fig. 1(c):

() Thelaminarstate:All carsdriveathighspeed.-Theavailablespacds sharedevenlyamong
thecars.Thetraf c is homogeneous.
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(i) The coexistencestate: The slow carsareall togetherin onebig jam. On the restof the
road,the carsdrive at high speedIn consequencehetraf c is veryinhomogeneous.

(i) Thejammedstate: The densityis so high thatno single car candrive fast. As in (i), the
trafc is homogeneous.

(iv) Thesinglephaseathigh : Many smalljamsaredistributedover thewholesystem.There
is neitheralargerareaof free o w, noramajorjam. Thetrafc is homogeneous.

Note that “homogeneousheremeans‘homogeneou®n large scales”. This meansthat
thereis a spatialmeasuremeriength above which all densitymeasurementseturnthe
samevalue. If asystemgoesfrom a 2-phaseo a 1-phasemodel,thenevenin theregime
which technicallyhasonly onephasestructureformationon smallscaless still possible.
Fig. 1(c) bottomright is indeedan examplefor this. With larger distancefrom the 2-
phasemodel,i.e.larger , thescaleof thesestructuredoecomesmallerandsmaller which
meansthat the systemis homogeneousilreadyon smallerscales. This statementan
be quanti ed, for examplevia the gap distribution, i.e. the distribution of the distances
betweernjams(Jost,2002).

3.3 Dening aJam

In orderto make progresspneneeddo de ne whereajamstartsandwhereit ends.Ourde nition

of homogeneitysedater)will notdependnthis, however. A jamis asequencef adjacentars
driving with speedessor equal . Thecarsbetweentwo neighbouringamsarein laminar
o W.

Thisde nition is very simple,but will notalwayscorrespondo our naturalunderstandingf the
word jam. Thus,whethera caris jammedor not accordingto this de nition is just a starting
pointandnotthe nal answer

3.4 Initial Condition and Relaxation

For mary parametersf the Kraul3model,thereis a uniqueequilibriumstate which the system
will attainaftera nite time , o matterhow it wasstarted.Decidingwhenthe equilibrium
is reacheds nottrivial.

Let Dbe the stateof the road at time . To nd the equilibrium value of some property

, we usethe following idea: For small , will dependon the initial con-
dition. With increasingtime, convergestowardsthe equilibrium value. Assumethe
convergenceis from above. Now we needanotherinitial conditionthatapproachethe equilib-
rium valuefrom belov. Oncethesetwo sequencearecloseenoughtogetheranestimateor the
equilibriumvalueis found. Unfortunately it cannotbe guaranteedhat the valuethusobtained
really is theequilibriumvalue.We usethefollowing two initial conditions:
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Laminarstart: The carsarepositionedequidistanbver theroadwith speedzero.

Jammedstart: All carsarecrampedogetherin a big jam withoutany gap. Their speeds
zero.

An exampleof this methodis showvn in Fig. 2(a). For the numberof jamswasused.Since
bothinitial conditionsstartwith , the criterion of Sec.3.3 nds onelarge jam at
After this, thefollowing happens:

Laminarstart: Vehiclesacceleratebut becausef interaction,mary smalljamsform, and
the numberof jamsincreasesapidly. Thesejamsthenslowly coagulatewhich slowly
reduceghe numberamsin the systemuntil the equilibriumvalueis reached.

Jammedstart: Vehiclesaccelerateout of the jam, but no or very few jamsform in that
out ow. Only very slowly doesthe numberof jamsincreasegithervia nenv jamsin the
out ow, or becaus@f a“breakingapart”of theinitial jam.

In Fig. 2(a), one seesthat for both initial conditionsthe systemeventually reacheshe same
numberof jams. With , thesystemin equilibriumhas,in theaverage aboutl.8jams.In
contrastwith , the systemcorvergesto anaverageof morethan20 jams.

4. Establishment of a Phase Diagram Via a Measure of
Inhomog eneity

In this sectiona criterionis establishedhatdistinguishesiomogeneousom coexistencestates.
As pointedout before,coexistencestatesfor exampleat and in our model,see
Figs.1(c) (i) and2(a),arecharacterizedy the coexistenceof laminarandjammedtrafc. Deep
insidethe coexistenceregime, onewould expectthatthe phasesoagulate|eadingto onelarge

laminarandonelarge jammedsectionin the system.As onehasseenin Fig. 2(a) for ,

thisis essentiallycorrect,exceptthatsmalladditionalmini-jamsalwaysleadto the detectionof

asmallnumberof additionaljams.Whenapproachinghe boundarie®f the coexistenceregime,

thischaracterizatiowill becomdessclearcut,andit maybepossibleo have morethanonejam.

Typically, therewill be onemajorjam andmary smallones,andfor mary measuremertriteria
thiswill causeenoughproblemdo nolongerbeableto differentiatebetweerthe coexistenceand
ahomogeneoustate.Thisis particularlytruefor criteriathatattempta binaryclassi cationinto

homogeneousr not. In contrast,our criterionwill shov a gradualdecreasen differentiating
power.

The criterionis de ned asfollows: Partition the roadinto segmentsof length (for simplicity
let divide withoutremainder)For eachsegmentthelocaldensity canbecomputedasthe
numberof carsin thatsegmentdividedby . An interestingvalueis the varianceof the local

10
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density:

Var — E (20)
where is the expectedvalue,whichin our cases the sameasthe systemwidalensity Note
thatsincethe densitylies within , thevariancecannotexceed

Whatthisvaluepicksupis how mucheachindividualmeasuremergegmentof length deviates,
in termsof its density from the averagedensity Assumea systemconsistingof jammedand
laminartrafc. If thereis ajamin oneseggment,thenthe segments densitywill be muchhigher
thanthe averagedensity Corversely if thereis only laminartrafc in a segment,thenthe
sgments densitywill be muchlower thanthe averagedensity Var takesthe averageover
the squareof thesedeviations.

Fig. 2(b) shawvs this valueasa functionof the globaldensity andthe noiseparameter. Each
gridpointis theresultof acomputersimulation. The simulationsrun until theaveragenumberof
jamsoverthelast100'000time stepsis (almost)equalfor a systemstartedwith a big jam anda
systemstartedwith laminar o w (seeSection3.4). Over thesdasttimesthevarianceof thelocal
densityis averaged.

Look at Fig. 2(b) for x ed , say . Oneseeghatat densitiesup to , thevalueof
Var is closeto zero,indicatinga homogeneoustate which is in this casethe laminarstate.
Similarly, for densitieshigherthan ,Var  is againcloseto zero,indicatingahomogeneous
state whichis in this casethejammedstate.In betweenfor , thevalueof Var

is signi cantly largerthanzero,indicatinga coexistencestate.

Now slowly increase . We seethatthe laminarregime endsat smallerand smallerdensities,
while the jammedregime startsat smallerand smallerdensities(seeFig. 2(b) bottom). The
lattermeanghatfor large , thejammedphasehasmary relatively smallholes,whichreducethe
density but do not breakthe jam. At , the coexistencephasecompletelygoesaway; for
larger , we do not pick up ary inhomogeneityat any density(look at the bottomplot in order
to getinformation aboutbehaior not visible in the 3d plot). Comparethis to the theoretical
expectationin Fig. 1(b), wherefor increasing thetwo densitiesventuallymeige andthusthe
differentphasegjo awvay. Notethatcloseto thetransitionthe systemstill lookslike it possesses
differentphasegseeFig. 1(c)(iv) andlocatethe corresponding and in Fig. 2(b)).
Thesestructureslo however exist on smallscalesonly. This meanghatfor systensize
andmeasuremenntenal (but ), all intervalsof size will eventuallyreturnthe
samedensityvalue. A sggmentlengthof , asusedfor Fig. 2(b), is alreadysufcient in
orderto notmeasureary inhomogeneityor thestatein Fig. 1(c)(iv). Thiswill notbethecasefor
coexistencestates:In coexistencestate,therewill alwaysbe segmentswith differentdensities,
unless . Thisis becausearopletswill coagulatesothatthey will eventuallyshav uponall
possibldengthscales .

Remembeagainthat isamodelparametewhile isatrafc obsenable.Thatis, onceonehas
settledfor an , themodelbehaior is x ed,andonehasdecidedif onecanencounteila second
phaseor not. If onecanencountea secondphaseijt will comeinto existencethroughchanging
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trafc demandhroughoutthe day—trafc canmove from the laminarinto the coexistenceand
potentiallyinto thejammedstateandback.

As a sideremark,let us notethatthereis alsoanotherl-phaseaegime for . Albeit poten-
tially interestingthisis outsidethe scopeof this paper

In summary one obtains,for the trafc model, a phasediagramasin Fig. 1(b), which is the
schematiphaseadiagramfor agas-liquidtransitionin uids. Again,theimportantfeatureof this
phasediagramis thattherearethreestatedor low temperatureésmall orsmall ): gas/laminar;
coexistence;liquid/jammed.For highertemperatureghe coexistencerangebecomesnoreand
morenarrav, while the densityof the gasphaseandthe densityof theliquid phasen the coex-
istencestateapproacteachother Eventually thesedensitiedhecomesqual,andthe coexistence
statediesout. The only importantdifferenceis thatfor our trafc modelthe phasediagramis
bentto theleft with increasing .

Thereare other criteria which can be usedto understandhesetypesof phasetransitions. In
particulay one canlook at the gap distribution betweenjams, and one would expecta fractal
structureat the pointwherethe 2-phaseandthe 1-phasenodelmeet,i.e. at and

This is indeedthe casebut goesbeyond the scopeof this paper;seeJost(2002) for further
information.

5. Cellular Automata Models

Many of theargumentsegardingthe natureof a stochasti@andpossiblycritical phasdransition
(Nagel,1994;NagelandPaczuski,1995;Saswari andKertesz,1997;Rotersetal., 1999;Chowd-
hury et al, 2000) have beenmadeusing so-calledcellular automata(CA) models. CA models
usecoarsespatial temporal,andstatespaceresolution.For traf c, astandardvay is to segment
a l-laneroadinto cellsof length , where is thelengthavehicleoccupiesn theaveragen a
jam,i.e. m.

As with theKraul3model,thetime stepfor the CA modelsis bestselectedsimilarto thereaction
time; a time stepof 1 secondworks well in practice. Taking the time steptogetherwith
one nds thata speedof 135km/h corresponds$o ve cellspertime step;this is oftentakenas
maximumvelocity

StochasticCA modelscontaina noiseparameter thatintroducesandomnesto the driving
rules: With a probability , the deterministicallycalculatedvelocity getsreducedby one. This
is the sameideaasEq. (9) in the modelby Krauf3. Onecanmake dependenbn the veloc-
ity (Barlovic et al., 1998); the resultingmodelsare sometimescalled modelswith “velocity-
dependentandomization(VDR)”. Often one usesjust two probablilities:  whenthe caris
standingand whenthe caris driving. Standardvaluesare and . This
modelsthatdrivers,oncestoppedarea bit sloppy in restartingagain.

With this family of models,one canagainplot the densityvariance(Fig. 2(c)). Insteadof the
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Figure 2: (a) Time evolution of the numberof jams. All four curvesare for 1000 carsand
. Eachcurwe is an averageover at least80 realizations.eachwith a differentrandom
seed.(b) 3d-plotandisolinesof the densityvariancein the KrauZmodel. The outermosisoline

is Var , theinnermostvar . and (c) 3d-plotandisolines
of the densityvariancein the cellular automatamodelwith velocity dependentandomization.
Theoutermosisolineis Var , theinnermostvar . and
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noiseamplitude , theparameter is used. meangdeterministiadriving exceptwhen
acceleratingrom zero;increasing  meansncreasinglymorerandomnessvhenmoving. In

thisplot, one nds abehaior similarto Fig. 2(b): Forsmall  , thesystendisplaysthreestates
(laminar coexistence,and jammed). For , the systemis a 1-phasesystem. Close
to andstill at , the systemdisplaysa lot of jam formationand structure
whichvanisheonly whenobsenedatvery large scaleqverylarge ). In consequencd, is now

clearwhy therewassomuchdiscussioraboutpossibldractalsfor the originalmodel(Nageland
Schreckenbeg, 1992)where . It is indeedcloseto a critical point, andtherefore
fractalbehaior up to a certaincut-off lengthscaleshouldbe expected.

6. Phase Transitions in Deterministic Models

Only stochastianodelscandisplay spontaneougransitionsbetweerhomogeneouand coexis-
tencestates.The natureof thetransitioncanhowever alsobecomeclearin deterministianodels.
We will discusghesesimilarities rst for adeterministiaccarfollowing modelandthenfor deter
ministic uid-dynamical models.

6.1 Car Following Models

For themodelof Eq. (2), it hasbeenshovn (Bandoetal., 1995)thatthe homogeneousolution
of themodelis linearly unstabldor densitiesvhere ,Where isthe rst derivative
of thefunction ,and - is thegap. Theinstability setsin for intermediatelensities;
for low andhigh densitiesall modelsarestablein the homogeneou@aminaror jammed)state.
For intermediatalensitiespnecanselecthecurve andtheparameter suchthatthemodel
eitherhasunstablerangespr not.

If all parametergcludingthe densityaresuchthatthe homogeneousolutionis notstable then
thesystenrearrangegself into a patternof stop-and-gdraf ¢, correspondingo thecoexistence
state. Thedensityof thelaminarandthejammedphasen the coexistencestateareindependent
from the averagesystemdensity thatis, if in thatstatesystemdensitygoesup, it is re ectedin
thejammedphaseusingup a largerfractionof space.

Thetype of theinstability is similar to the betterknown instability of Eq. (3). However, oncethe
instability is triggeredin Eq. (3), it will justgrow exponentially andno stable2-phasesolution
is found (e.g.GerloughandHuber(1975)).

6.2 Fluid-Dynamical Models

Standard.ighthill-Whitham theory of thetype
(11)
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with a strictly corvex o w-density-cure , resultsin a 1-phasamodel,meaningthatshocks
smearout over time. When haslinear sectionsthenin thosesectionsshockwaves are
maiginally stable,in the sensahatdisturbanceso thoseshocksareneitherampli ed nor dissi-
patedaway.

Fluid-dynamicakheory of thetype

(12)
and
- (13)
can, dependingon the choiceof parametersncluding the -curve, eitherbe a 1-phase/1-
stateor a2-phase/3-statmodel(K UhneandBeckschulte1993). For example thehomogeneous
solution of the modelwith — and is linearly unstableat densitieswhere
—, Where isthe rst dervativeof with respecto (KiihneandBeckschulte,
1993).Thisis similarto theinstability conditionin Sec.6.1; notethat and are,albeit

related notthesame.

As pointedoutbefore thesemodelsaredeterministicsoin nosituationwill thesemodelsdisplay
stochastidransitions.

7. Discussion

This paperestablisheshat stochastianodelseither posses®ne homogeneouphaseof traf c
acrossthe whole densityrange(1-phasebehaior), or they possesswo disjoint homogeneous
phasesilaminar’ and“jammed”, which areseparatethy a densityregimewherethetwo phases
coexist (2-phasebehaior). Speculationsaboutthis have beenaroundfor a ratherlong time
(e.g. Prigogineand Herman(1971); Reisset al. (1986); Treitererand Myers (1974)); corre-
spondingdeterministiconodelshave beenestablisheanorerecently(e.g.KernerandKonhauser
(1994);Bandoet al. (1995)). However, despitemuchdiscussion(e.g.Nagel(1994);Nageland
Paczuski(1995); Saswari andKertesz(1997); Roterset al. (1999); Chowvdhury et al (2000))no
clear picture for stochastiomodelswas established.Only stochastionodelsallow to look at
meta-stablestates spontaneousansitions andfractal-like structure all of which areimportant
for realworld trafc. Importantly 1-phaseand2-phaséehaior canbe obtainedirom the same
modelby justchangingoneparameter

With respectto reality, thereis no generalagreemenif measurementshov 1-phase/1-stater
2-phase/3-statgafc. As discussedn theintroduction,thereis someevidencefor 2-phasebe-
havior in Germandata(KernerandRehborn,1996a,b,1997). Measurements NorthernAmer-
ica (Cassidy 1998) point towards1-phasebehaior. In addition,mary of the earliermeasure-
mentsthat point towards2-phasebehaior canin factbe explainedby 1-phasemodelstogether
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with geometricconstraintfMuiiozandDaganzojn press).To make mattersworse,never pub-
licationsclaim the existenceof three(e.g.KernerandRehborn(1996b))or evenmore(e.g.Hel-

bing etal. (1999))phaseswhile otherpublications(e.g.Daganzcetal. (1999))claim thatthese
differentphasesrejustqueues.

Sincethereis discussiorof enteringthe notion of stochastidoreakdaevn into the Highway Ca-
pacity Manual,andsince,asdiscussedh theintroduction,the correctoperationof devices,such
asrampmeteringandadaptve speedimit, depend®ntheanswerof the breakdevn questionjt

seemgritical to fully understandheseissues It alsoseemgritical to considerstochastianod-
els,in orderto notbasethenotionof stochastidreakdevn ondeterministianodels.This papers
contritution is a solid steptowardsunderstandinghe consequencesf stodastictrafc break-
down, if it exists. In otherwords,this modelwill allow the developmentof further predictions,
which areimpossibleto make by deterministicmodels,and thesepredictionscould be tested
againsteld data.For example,a stochastianodelwould predicta certainwave structureinside
a queuecausedy a downstreanmbottleneck similar to Windover and Cassidy(2001),although
abottleneckwith x edcapacitywould be bettersuitedto testthetheory

Thebasictheoryof phasdransitionswhichis behindthe muchof this modelingwork, appliesin
theso-calledhermodynamidimit, whichrefersto in nitely largesystemsSincetrafc systems
aresmallwhencomparedo thermodynamisystemsthe theoryneedso be modi ed for those
smallerscalesystems.Both the theory and computermodelingprovide the tools for this, but
greatcarehasto betakento nd predictionswvhich couldactuallybetestedn therealworld with
nite queudengthsand nite durations.In consequenceauchcomparisongrehighly desirable,
but outsidethe scopeof this paper

8. Summary

This papershaws, via computationakvidence thattwo speci ¢ stochasticarfollowing models
caneitherdisplay 1-phase/1-stater 2-phase/3-stateafc, dependingon the choiceof param-
eters. With 2-phaseparametersthe two phasesare: “laminar”, and“jammed”. Thesephases
also correspondo two of the threestates. Thosestatesare homogeneousThe third state,at

intermediatedensities,is a coexistencestate,consistingof sectionswith jammedand sections
with laminartraf c.

The transitionto a 1-phase/1-statenodel happensvia the densitiesof the laminar and of the
jammedphaseapproachingeachotheruntil they becomethe same.Beyondthis point, thereis
only onehomogeneouphaseof traf c.

Someof these ndings canbe understoody looking at deterministicmodelsfor trafc, either
carfollowing or uid-dynamical. However, the stochastielementf the transitioncannotbe
explainedby deterministicmodels. An importantstochasticelementis meta-stability which
meansthat a “supercritical” homogeneoustatecan survive for long times beforeit “breaks
down” andreoganizesinto stop-and-gdrafc. Anotherimportantstochasticelementis that
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structureformation and strong variability can also happenin a 1-phasemodelaslong asthe
parameterarecloseto the 2-phaseanodel— a deterministionodelwould corvergeto ahomoge-
neoussolutionhere.

It is importantto understandhis possibility of stochastionodelsto be in differentregimesif
oneconsiderdo enterdiscussion®f traf c breakdevn probabilitiesinto the Highway Capacity
Manual.If trafc is bestdescribedy a 1-phasemodel,thenthereis, in our view, no theoretical
justi cation for suchprobabilities.If, however, traf ¢ is bestdescribedy a 2-phasemodel,then
the 2-phasemodelcould give theoreticalpredictionsfor breakdevn probabilities. A discussion
of breakdaevn probabilitiesin 2-phasemodelscanbefoundin Nageletal. (In press).
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