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Abstract

Thereis discussionif traf�c displaysmultiple phases(e.g. laminar, jammed,synchronized)or
not. Thispaperpresentscomputationalevidencethatastochasticcarfollowing model,by chang-
ing oneof its parameters,canbemovedfrom having two phases(laminarandjammed)to having
only onephase.Modelswith two phasesshow threestates:two beinghomogeneousstatescorre-
spondingto eachphase,anda third statewhich consistsof amix betweenthetwo phases(phase
coexistence).

Although the gas-liquidanalogyto traf�c modelshasbeenwidely discussed,no traf�c-related
modelever displayeda completelyunderstoodstochasticversionof that transition. Having a
stochasticmodelis importantto understandthepotentiallyprobabilisticnatureof thetransition.
Most importantly, if indeed2-phasemodelsdescribecertainaspectscorrectly, thenthis leadsto
predictionsfor breakdown probabilities.Alternatively, if 1-phasemodelsdescribetheseaspects
better, thenthereis no breakdown. Interestingly, such1-phasemodelscanstill allow for jam
formationonsmallscales,whichmaygivetheimpressionof having a2-phasedynamics.

Besidesgoing into thedetailswith theabove arguments,we will alsoprovide somemoregen-
eral overview abouttraf�c jam dynamicsandtraf�c jam modellingby microscopicand�uid-
dynamicalmodels.

Keywords

traf�c �o w theory – traf�c breakdown – phase transition – 3rd Swiss Transport Research Confer-
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1. Intr oduction

Both from an operationsandfrom a designperspective, the capacityof a roadis an important
quantity. If demandexceedscapacity, queueswill form, which representa costto thedriverand
thusto theeconomicsystem.In addition,suchqueuesmayimpactotherpartsof thesystem,for
exampleby spilling backinto links usedby driverswhoareonapaththatis not overloaded.

Thispaperdiscussesfreewaycapacity. Thequestionconcernsthemaximum�o ws thatfreeways
canreach,andif themaximum�o ws sometimesobserved( � 2500vehiclesperhourandlane)
aresustainable�o ws or short-term�uctuations. Let usassumethat thereis traf�c with a fairly
highdensity� onafreeway, but vehiclesarestill abletodriveatsomefastvelocity � . Throughput
is ������� . Thequestionis whatwill happenif densityis furtherincreased:Can � furtherincrease
because� increasesmorethan � decreases?Will � graduallydecreasebecause� increasesbut

� decreasesfaster?Or is therea possibility that traf�c will breakdown, leadingto stop-and-go
traf�c?

Moretechnically, thequestionis if thereis, for eachdensity� , avelocity �
	��
� andcorresponding
throughput��	��
��� ����	��
� at which traf�c �o w is smoothand homogeneous.Or is therea
densityrangewherethat homogeneoustraf�c �o w is unstable,and traf�c hasa tendency to
reorganizeinto astop-and-gopattern,with possiblylower throughput?

Thereis in facta longhistoryof publicationsaboutbreakdown behavior in freewaytraf�c, some-
timescalled “reverselambdashapeof the fundamentaldiagram” (Koshi et al., 1983;Kerner,
1999),“hysteresis”(TreitererandMyers,1974),“capacitydrop” (KernerandRehborn,1996a),
“catastrophetheory” (Acha-DazaandHall, 1993),andthe like. From themodelingside,there
hassincelong beendiscussionsaboutananalogyto a gas-liquidtransition(PrigogineandHer-
man,1971;Reisset al., 1986),and recentwork hasestablishedtraf�c modelswhich display
deterministicversionsof a liquid-gas-like transition(KernerandKonhäuser,1994;Bandoetal.,
1995).

On theotherhand,measurementsby Cassidy(1998)indicatethat therecanbe stablehomoge-
neous�o w at all densities.MuñozandDaganzo(in press)point out correctlythatmany of the
“inverselambda”observationscouldalsobeexplainedby geometricalconstraints,in thefollow-
ing way. A bottleneckdownstreamof a measurementlocationcancausethefollowing temporal
sequenceof measurements:

1. Thesystemstartswith low �o w at low densities.

2. Both �o w anddensitykeepincreasing,alongthe “free �o w” branchof the fundamental
diagram.

3. This �o w canbe larger thanwhat can�o w throughthe bottleneck.Then,a queuestarts
formingat thebottleneck,but thatdoesnot immediatelyin�uence themeasurement.

4. Eventually, thequeuewill havespilledbackto themeasurementlocation.At thatpoint in
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time,datapointswill moveto amuchhigherdensity, while the�o w valuewill dropto the
bottleneckcapacity.

It cantake up to 20 minutesfor the transitionzone(transitionfrom free �o w to queue)
to traversea �x ed detectorlocation, leadingto fundamentaldiagramdatapoints that lie
betweenthefree�o w andthequeuestate(MuñozandDaganzo,in press).

This mechanismgeneratesdatathat looks similar to datashown in supportof the breakdown
hypothesis.Unfortunately, many of thepublisheddatasetsdo not provide enoughinformation
aboutthe geometricallayout and the full spatio-temporalpictureof the dynamicsin order to
resolve thisquestion.

This questionis not just academic.Thecorrectuseof technicaldevicessuchasrampmetering
or adaptivespeedlimits (Zackor etal., 1988)dependsontheanswer. For example,let usassume
that the homogeneoussolution is unstablein a certaindensityrange,and that the alternative
stop-and-gosolutionhasa lower throughputthanhomogeneoustraf�c at the samedensity. In
this case,thetaskof rampmeteringmightbeto keepthedensityaway from theunstabledensity
range.If densityapproachesthis value,on-ramptraf�c shouldbereduced.

If, on theotherhand,thehomogeneoussolutionis stableeverywhere,thenrampmeteringshifts
capacityfrom theon-rampto the throughlanes,andit avoidsslowdown on the freeway andits
emissionconsequences.Therewouldhoweverbenonetcapacityeffect, in thesensethat–in the
absenceof additionalobstructions–throughputdownstreamfrom themeteredrampwouldbethe
samenomatterif rampmeteringwasswitchedonor not.

If, in addition, breakdown is probabilistic,that is, the homogeneoussolution can survive for
certainamountsof time, then the questionbecomeswhich risk of breakdown one would be
willing to accept. Acceptinghigher �o w ratesin the rampmeteringalgorithmmight increase
average throughput,but it mightalsoincreasetheprobabilityof breakdown.

Thereis evendiscussionto includeaspectsof stochastictransitionsinto theHighway Capacity
Manual(L. Elefteriadou,personalcommuncation).Thiscouldfor examplemeanthat,for certain
�o w levels,onewould includea curvedescribingtheprobabilitythattraf�c �o w hasnot broken
down asa functionof time. From sucha curve, onecould for examplelook up the maximum
densityand�o w levelsif oneacceptsa,say, 1% probabilityof breakdown.

Beforecontinuing,let usmakethismoreprecise.Letusassumethereis adensityrangewherethe
homogeneoussolutionis unstable.Thewaythiscould(in principle)betestedis to havehomoge-
neoustraf�c operatingatacertaindensity, andto introduceastrongdisturbance,sayby stopping
onecarfor severalseconds.If theintroduceddisturbancehealsoutovertime,thenhomogeneous
traf�c at thatdensityis stable;if thedisturbancegrowsovertime,thenthehomogeneoussolution
is unstableat thisdensity. Theunstablesolutionneedstwo ingredients:

� Out�ow from thejam is lessthanthemaximallypossiblehomogeneous�o w.

� Thejam,onceit is there,remainscompact;in otherwords,densityinsidethejamis a �x ed
quantitythatshouldessentiallybethesamefrom onelocationto thenext.
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Thereare at least threereferences(Figs. 2 and 3 in Kernerand Rehborn(1996a);Fig. 3 in
KernerandRehborn(1996b);Fig. 4 in KernerandRehborn(1997))wherethedatapointsto the
existenceof astablejam,embeddedbothupstreamanddownstreamin freetraf�c, andwherethe
out�ow from thejamis lower thanthein�o w. In the2ndandthe3rdof thesereferences,onecan
in additionseethatthejam is growing in width, asit shouldin sucha situation,while remaining
compact.In the1stof thesereferences,thedatato decidethisquestionis notsuf�cient.

Giventhis stateof affairs, it makessenseto look at modeling.Thetaskis to understandwhich
modelsolutionsarepossibleat all. This understandingwill leadto thepredictionsof additional
featuresthatwill goalongwith onemechanismor theother, andit mightbepossibleto measure
them,andso the issuewill hopefully be eventuallyresolved. Until then,however, thereis no
agreementon the issueof breakdown in freeway traf�c, and in consequenceall engineering
relyingon oneor theotherassumptionmaynotwork asintended.

Thestartingpoint for ourwork aresingle-lanecarfollowing models.Thesemodelsaretypically
eitherof the type � 	

�������

� ��� 	
	���
 ��������� � or of the type � 	

�������

� ��� 	
	���
 ��������� � , where � 	

�

�

is the velocity of a car at time
�

, 
 � is the velocity differenceto the car ahead,and � is the
acceleration.	 is thegapto thecarahead,where	 ��
������ � , with 
�� thefront-buffer-to-front-
buffer distance,and �!� is thespacethecaroccupiesin a jam. Thesemodelscanfor examplebe
foundin Newell (1961)

� 	

�"�����
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�

� �#� with � 	
	 � � �%$&� �%$('*),+ 	-�/.0	,1 �%$ �#� (1)

in Bandoetal. (1994)

� 	

�

� ��2�354 ��	 	 	

�

� �6� � 	

�

�87�� with ��	
	 � � �%$&3
	
9;:=<0> 	 	

�@?

�6�@9�:=<0> 	

?

� �A� (2)

or in Hermanetal. (1959)

� 	

�������

�ABDC

� 	

�"�E���

�-F�G

C


�� 	

�

�-F�H


 � 	

�

�#� (3)

Additionalparametershereare �I$ (thefreespeed),. , 2 , � , and J .

Whenthesemodelsareimplementedonacomputer, they needto bediscretizedin time,andone
hasto concernoneselfwith thesizeof theintegrationtimestep,


�

. A typicaldiscretizationis

� 	

�

� � givenby themodel (4)
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Thesediscretizationsaremeantto approachtheoriginalcoupleddifferentialequationsfor 


�MP

Q

, andthereis awholebodyof literatureavailablefor this (see,e.g.,Pressetal. (differentyears),
and referencestherein). Oncetime delays(via

�

�

Q

) are introducedinto suchequations,
numericaltreatmentbecomesmoredif�cult, becausethedynamicalhistorybetween

�

and
�

�

�

needsto bememorizedin incrementsof 


�

.
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In thissituation,it makessenseto look for computationalmodelswhicharenotbasedonthelimit



�AP

Q

, but whichgenerateusefulresultsalsofor relatively largetimestepsof, say, onesecond.
Themodelthatwe will usein this paperhasbeenintroducedby Krauß(1997a);it is a variant
of a modelusedby Gipps(1981).TheKraußmodelhasbeenshown to befreeof collisions,i.e.
that 	��

Q

neveroccurs(Krauß,1997a;Nageletal., forthcoming).

In addition to being crashfree at large time steps,the Krauß model is also stochastic. The
importantparameterfor our studyis a noiseamplitude� , which we will vary from 0.5 to 2. For

���

Q

or ���

L

themodelleavestherangeof whereit is plausiblefor traf�c.

Ourmainresultsarethefollowing:

� For medium� , therearethreestatesof traf�c, whichwewill call laminar, coexistence,and
jammed.Thestatedependson thedensity. Laminar, occurringat low density, meansthat
nearlyall vehicleshavelargespacing,andaredriving ator nearfreespeeds.Occurrenceof
somemini-jamsis possible,but thesemini-jamsarenot sustainedandfar apart.Jammed,
occurringathighdensity, meansthatnearlyall vehicleshavesmallspacing,andaredriving
atlow speedsorarestopped.Coexistence,occurringatintermediatedensity, meansthatthe
systemis a mix of laminarandjammedtraf�c. In thecoexistencestate,traf�c is strongly
inhomogeneous.

It is importantto notethat therearethreestates(laminar, jammed,coexistence)but only
two phases(laminar, jammed).Thephasesrefer to homogeneoussectionsof thesystem;
thestaterefersto thesystemasawhole.

� For large � , thereis only onephaseof traf�c andthereforeonly onestate.Whengoingfrom
low to highdensity, carsmovecloserandclosertogether, but traf�c remainshomogeneous
atall times.

� At some� in between,thereis a transitionfrom the2-phaseto the1-phaseregime.

� In theKraußmodel,changesof � alsochangetheaverageacceleration.This is anunfor-
tunatecoincidence,andwebelievethatourgeneralresultsregardingthenumberof phases
arenot relatedto thiseffect.

� Deterministicmodels,formulatedeither as car following modelsor as �uid-dynamical
models,candisplay1-phaseor 2-phasebehavior. They canhowevernot displaystochastic
transitionsbetweenthephases.

The resultsareimportantfor modelbuilding aswell asfor understanding�eld measurements.
In a 2-phasemodel,theorypredictsthat therecanbea hysteretictransitionfrom the laminarto
thecoexistencestatewithouta change in density. This meansthat,at a givendensity, traf�c can
operatein thelaminar�o w statefor long times,until it will eventually“breakdown” andswitch
to thecoexistencestate.In a 1-phasemodel,this is impossible,andthereis only onephasefor
any givendensity.
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A directconsequenceof this is that,if traf�c followsa1-phasemodel,any initial jamwill “smear
out” andthuseventuallygo away, evenwith unchanged traf�c conditions. Conversely, in a 2-
phasemodelwith densityin the coexistencerange,jamshave a typical densityanda typical
shapeof their upstreamanddownstreamfront. Theseshapesarestableunderdisturbances,that
is, thesystemwill restorethesedensitiesandshapesafterdisturbances.

This paperstartswith Sec.2 which describesthegeneralideaof a gas-liquidtransition.Sec.3
describesthegeneralsimulationsetupincludingthecar following modelthat is used,discusses
space-timeplotsof theresultingdynamics,andinvestigatestransientsvs.thesteadystate.Sec.4
thenestablisheshow a coexistencestatecanbenumericallydetectedfor a givenmodel. Sec.5
reportssimilar resultsfor cellular automata(CA) models. Sec.6 discusseshow theseresults
relateto deterministicmodels;thepaperis concludedby adiscussionandasummary.

Thispaperis nearlyidenticalto theTRB'03 AnnualMeetingpaper03-4266.

2. Phases in Traf�c

The analogybetweena gas-liquidtransitionand the laminar-jammedtransitionof traf�c was
pointedout many times(e.g.Reisset al. (1986);Bandoet al. (1994)).Thedescriptionof traf�c
in the well-known 2-�uid-model (HermanandPrigogine,1979)assumesthe existenceof two
phases;andall simulationmodelswhichusespatialqueues(e.g.DYNAMIT, DYNASMART (for
bothseewww.dynamictraf�cassignment.org), Gawron (1998))will displaytwo phasesbecause
of the de�nition of the dynamics. The two phasesin modelswith queuesarehowever much
easierto understandthanthephasesin morerealisticmodels.

In agas-liquidtransition,oneobservesthefollowing (seealsoFig. 1(a)left):

� In thegasphase,at low densities,particlesarespreadoutthroughoutthesystem.Distances
betweenparticlesvary, but the probability of having two particlescloseto eachotheris
verysmall.

� In the liquid phase,at high densities,particlesarecloseto eachother. Thereis no crys-
talline structureasin solids,but the densityis similar and in somecases(e.g. in water)
evenhigherin theliquid thanin thegasphase.Becauseof thefactthattheparticlesareso
closeto eachother, it is dif�cult to compressthe�uid any further.

� In between,thereis theso-calledcoexistencestate,wheregasandliquid coexist. In typical
experimentsin gravity, theliquid will beatthebottomandthegaswill beaboveit. Without
gravity, aswell as for examplewithin clouds,dropletsform within the gasand remain
interdispersed.In clouds,smalldropletswill eventuallymergetogetherinto biggerdroplets
(coagulation), which will fall out of thecloudasrain. Without gravity, thedropletswill
just merge but never fall out. The �nal stateof the systemis having onebig dropletof
liquid, surroundedby gas.
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increasing densityliquid gas
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(b)

(i) ���

Q

���,� � �

Q

�

L

(ii) �����I�

Q

� � �

Q

���

(iii ) �����I�

Q

� � �

Q

����� (iv) ���	�=��
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Q

�

L

(c)

Figure1: (a) Schematicrepresentationof the gas-liquidtransitionin onedimension.(b) State
of thegas-�uid modelasa functionof thedensityandthe temperature� . (c) Space-timeplots
for differentparameters.Spaceis horizontal;time increasesdownward;eachline is a snapshot;
vehiclesmovefrom left to right; fastcarsaregreen,slow carsred. � ��


Q=Q

for all plots.
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If asystemin thecoexistencestateis compressed,moredropletsform and/orexistingones
grow, but the densityboth insideandoutsidethe dropletsremainsconstant.That is, the
systemreactsby allocatingmore spaceto the high densityphase,but not by changing
the densityeitherof the gasor the liquid phase.Let us call thosetwo densities��� and

��� . Eventually, all the spaceis usedup by the liquid. At this point, the systemwill be
homogeneousagainandremainsoif densityis increasedfurther.

Thekineticsof thedropletformation(e.g.Lifschitz andPitajewski (1987))is ruledby abalance
betweensurfacetensionandvaporpressure.Sincesurfacetensionpulls thedroplettogether, it
increasesthe pressureinsidethe droplet. This interior pressurepusheswatermoleculesout of
the droplet. Vaporpressureoutsidethe droplet is the balancingforce – it pushesparticlesinto
thedroplet.

Surfacetensionandthusinteriorpressuredependon thedropletradius– thesmallerthedroplet,
thelargerthesurfacetensionandthustheinteriorpressure.Theresultis that,whencomingfrom
smalldensities,thereis aregime,startingat ��� , wherelargedropletswouldalreadybestable,but
smalldropletsarenot. That is, if thesystemwerein equilibrium,therewould bea coexistence
betweengasanddroplets.But whencomingfrom low density, thehomogeneousgaseousphase
cansurvive for sometime. This super-critical gasis thusmeta-stable. A direct consequence
of meta-stabilityis hysteresis: Whencomingfrom low densities,it is possibleto go beyond ���

andstill remainin thegaseousphase.Only aftersomewaiting time will, by a �uctuation, some
particlesgetcloseenoughto eachotherto starttheformationof adroplet.

Whenincreasingtemperature� in a gas/liquidsystem,the2-phasestructurewill eventuallygo
away. Thishappensvia ��� and ��� approachingeachotherandeventuallymeeting(seeFig. 1(b)).
That is, dependingon thetemperature� , a �uid systemwill eitherdisplaytransitionsfrom gas
to coexistenceandfrom coexistenceto liquid, or therewill beno transitionat all.

We will now move on to describethesupportingevidencefor our claims.As is typical in com-
putationalscience,our evidenceis basedon computersimulations.It is however backedup by
genericknowledgeaboutphasetransitionsasthey arewell understoodin physics.

3. The Simulations

3.1 Krauß Model

Thevelocityupdateof theKraußmodel(Kraußetal., 1996;Krauß,1997b)readsasfollows:

�	��

��� �

�

� 	

�

�

�

	 	

�

���

�

� 	

�

�

�

� 1

�

� �

(7)

������� � ��� <�� � 	

�

�

�

� 


�

� �	��

���*� ����

��� (8)

� 	

�K�




�

� � � : )��

Q

� �������K� ���! �� � (9)
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�

� is thespeedof thecarin front, � � 	��

�

�

� � 1

L

is theaveragevelocityof thetwo carsinvolved,
�

H

���

is the maximumallowed velocity, � is the maximumaccelerationof the vehicles,
�

their
maximumdecelerationfor ���

Q

, � is thenoiseamplitude,and  is a randomnumberin
C

Q

� �"F .
Themeaningof thetermsis asfollows:

� Eq. (7): Calculationof a “safe” velocity. This is themaximumvelocity that the follower
candrive whenshewantsto besureto avoid a crash(Kraußet al., 1996;Krauß,1997b).
Themainassumptionis thatthecaraheadwill never deceleratefasterthan

�

, andthat the
carof thefollowercanalsodeceleratewith up to

�

.

� Eq.(8): Thedesiredvelocity is theminimumof: (a)currentvelocityplusacceleration,(b)
safevelocity, (c) maximumvelocity (e.g.speedlimit).

� Eq.(9): Somerandomnessis addedto thedesiredvelocity.

After thevelocitiesof all vehiclesareupdated,all vehiclesaremoved.

The Kraußmodelhasbeenproven to be free of crashesfor numericaltime steps


�

smaller
thanor equalto the reactiontime,

�

(Krauß,1997b;Nagelet al., forthcoming). We will use



�

�

�

� � ashasconventionallybeenusedfor the Kraußmodel. We further use � �

Q

�

L

,
�

�

Q

��
 , �

H

���

� � for all simulations.

The model is free of units; this is a propertythat it hasinheritedfrom the cell-basedcellular
automatamodels.A reasonablecalibrationis: time stepscorrespondto secondsandcellscorre-
spondto � ��� meters.Thereactiontimethenis assumedto be � second,and �

H

���

��� corresponds
to

LIL

��� m/sor 
 � km/h. � �

Q

�

L

correspondsto amaximumaccelerationof �I� � m/spersecondor
� �

�

km/hpersecond.
�

�

Q

��
 correspondsto amaximumdecelerationof � 
,�

L

km/hpersecond.

All simulationsaredonein a 1-lanesystemof length � with periodicboundaryconditions(i.e.
the roadis bentinto a ring). Let � be thenumberof carson the road. The (global)densityis

� ���

� .

3.2 Pictures

Beforeanalysingthe Krauß-modelnumerically, it is instructive to look at the space-timeplots
in Fig. 1(c). Space-timeplots are picturesof the time evolution of the system. In Fig. 1(c),
vehiclesdrive to theright andtime pointsdown. Eachrow of pixelsis a “snapshot”of thestate
of theroad.In principle,onecouldreconstructthetrajectoryof aparticularcarby connectingthe
correspondingpixels. In practice,at thedisplayedresolutionthis is closeto impossibleandone
mostlyobservesthelargerscaletraf�c jam structure.Traf�c jamsmoveagainstthedirectionof
driving. Thefollowing refersto eachindividualcase(i)–(iv) of Fig. 1(c):

(i) Thelaminarstate:All carsdriveathighspeed.Theavailablespaceis sharedevenlyamong
thecars.Thetraf�c is homogeneous.
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(ii) The coexistencestate:The slow carsareall togetherin onebig jam. On the restof the
road,thecarsdriveathighspeed.In consequence,thetraf�c is very inhomogeneous.

(iii) The jammedstate:Thedensityis sohigh thatno singlecarcandrive fast. As in (i), the
traf�c is homogeneous.

(iv) Thesinglephaseathigh � : Many small jamsaredistributedover thewholesystem.There
is neithera largerareaof free�o w, nora majorjam. Thetraf�c is homogeneous.

Note that “homogeneous”heremeans“homogeneouson large scales”. This meansthat
thereis a spatialmeasurementlength

?

above which all densitymeasurementsreturnthe
samevalue. If a systemgoesfrom a 2-phaseto a 1-phasemodel,thenevenin theregime
which technicallyhasonly onephase,structureformationon smallscalesis still possible.
Fig. 1(c) bottom right is indeedan examplefor this. With larger distancefrom the 2-
phasemodel,i.e. larger � , thescaleof thesestructuresbecomessmallerandsmaller, which
meansthat the systemis homogeneousalreadyon smallerscales. This statementcan
be quanti�ed, for examplevia the gapdistribution, i.e. the distribution of the distances
betweenjams(Jost,2002).

3.3 De�ning a Jam

In ordertomakeprogress,oneneedstode�ne whereajamstartsandwhereit ends.Ourde�nition
of homogeneity(seelater)will notdependonthis,however. A jamis asequenceof adjacentcars
driving with speedlessor equal�

H

���

1

L

. Thecarsbetweentwo neighbouringjamsarein laminar
�o w.

Thisde�nition is verysimple,but will notalwayscorrespondto ournaturalunderstandingof the
word jam. Thus,whethera car is jammedor not accordingto this de�nition is just a starting
pointandnot the�nal answer.

3.4 Initial Condition and Relaxation

For many parametersof theKraußmodel,thereis a uniqueequilibriumstate,which thesystem
will attainaftera �nite time

���

�

G

���

, no matterhow it wasstarted.Decidingwhentheequilibrium
is reachedis not trivial.

Let ��� be the stateof the road at time
�

. To �nd the equilibrium value of someproperty,
�

C

� 	

�����
	�� 
��

�-F , we usethe following idea: For small
�

,
�

C

� 	

���

�-F will dependon the initial con-
dition. With increasingtime,

�

C

� 	

���

� F convergestowardsthe equilibrium value. Assumethe
convergenceis from above. Now we needanotherinitial conditionthatapproachestheequilib-
rium valuefrom below. Oncethesetwo sequencesarecloseenoughtogether, anestimatefor the
equilibriumvalueis found. Unfortunately, it cannotbeguaranteedthat thevaluethusobtained
really is theequilibriumvalue.Weusethefollowing two initial conditions:
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� Laminarstart:Thecarsarepositionedequidistantover theroadwith speedzero.

� Jammedstart:All carsarecrampedtogetherin a big jam without any gap.Their speedis
zero.

An exampleof this methodis shown in Fig. 2(a). For � 	 � � thenumberof jamswasused.Since
both initial conditionsstartwith � �

Q

, the criterion of Sec.3.3 �nds onelarge jam at
�

� � .
After this, thefollowing happens:

� Laminarstart:Vehiclesaccelerate,but becauseof interaction,many small jamsform, and
the numberof jams increasesrapidly. Thesejamsthenslowly coagulate,which slowly
reducesthenumberjamsin thesystem,until theequilibriumvalueis reached.

� Jammedstart: Vehiclesaccelerateout of the jam, but no or very few jamsform in that
out�ow. Only very slowly doesthe numberof jamsincrease,eithervia new jamsin the
out�ow, or becauseof a “breakingapart”of theinitial jam.

In Fig. 2(a), one seesthat for both initial conditionsthe systemeventually reachesthe same
numberof jams.With � � �I�

Q

, thesystemin equilibriumhas,in theaverage,about1.8 jams.In
contrast,with ���	�I��� , thesystemconvergesto anaverageof morethan20 jams.

4. Estab lishment of a Phase Diagram Via a Measure of
Inhomog eneity

In thissection,acriterionis establishedthatdistinguisheshomogeneousfrom coexistencestates.
As pointedout before,coexistencestates,for exampleat � � �I�

Q

and � �

Q

��� in our model,see
Figs.1(c) (ii) and2(a),arecharacterizedby thecoexistenceof laminarandjammedtraf�c. Deep
insidethecoexistenceregime,onewould expectthat thephasescoagulate,leadingto onelarge
laminarandonelarge jammedsectionin thesystem.As onehasseenin Fig. 2(a) for � � �I�

Q

,
this is essentiallycorrect,exceptthatsmalladditionalmini-jamsalwaysleadto thedetectionof
asmallnumberof additionaljams.Whenapproachingtheboundariesof thecoexistenceregime,
thischaracterizationwill becomelessclear-cut,andit maybepossibletohavemorethanonejam.
Typically, therewill beonemajorjam andmany smallones,andfor many measurementcriteria
thiswill causeenoughproblemsto nolongerbeableto differentiatebetweenthecoexistenceand
ahomogeneousstate.This is particularlytruefor criteriathatattemptabinaryclassi�cationinto
homogeneousor not. In contrast,our criterion will show a gradualdecreasein differentiating
power.

The criterion is de�ned asfollows: Partition the roadinto segmentsof length
?

(for simplicity
let

?

divide � without remainder).For eachsegmentthelocal density��� canbecomputedasthe
numberof carsin that segmentdivided by

?

. An interestingvalueis the varianceof the local
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density:

Var	�� � � �

�

�#1

?

�

�

�

� �

�

�

4 � � 	�� �6� E 	�� � � 7

�

� (10)

where
�

	 � � is theexpectedvalue,which in ourcaseis thesameasthesystemwidedensity. Note
thatsincethedensitylies within

C

Q

� �"F , thevariancecannotexceed� 1

�

.

Whatthisvaluepicksupis how mucheachindividualmeasurementsegmentof length
?

deviates,
in termsof its density, from the averagedensity. Assumea systemconsistingof jammedand
laminartraf�c. If thereis a jam in onesegment,thenthesegment's densitywill bemuchhigher
than the averagedensity. Conversely, if there is only laminar traf�c in a segment, then the
segment's densitywill bemuchlower thantheaveragedensity. Var	���� � takestheaverageover
thesquareof thesedeviations.

Fig. 2(b) shows this valueasa functionof theglobaldensity � andthenoiseparameter� . Each
gridpointis theresultof acomputersimulation.Thesimulationsrununtil theaveragenumberof
jamsover thelast100'000time stepsis (almost)equalfor a systemstartedwith a big jam anda
systemstartedwith laminar�o w (seeSection3.4).Over theselasttimesthevarianceof thelocal
densityis averaged.

Look at Fig. 2(b) for �x ed � , say � � � . Oneseesthatat densitiesup to ���

Q

�

L

, thevalueof
Var	�� � � is closeto zero,indicatinga homogeneousstate,which is in this casethelaminarstate.
Similarly, for densitieshigherthan

Q

��
 , Var	�� � � is againcloseto zero,indicatingahomogeneous
state,which is in thiscasethejammedstate.In between,for

Q

�

L
	

�

	 Q

��
 , thevalueof Var	�� � �

is signi�cantly largerthanzero,indicatinga coexistencestate.

Now slowly increase� . We seethat the laminarregime endsat smallerandsmallerdensities,
while the jammedregime startsat smallerand smallerdensities(seeFig. 2(b) bottom). The
lattermeansthatfor large � , thejammedphasehasmany relatively smallholes,whichreducethe
density, but do not breakthe jam. At ��� �=� � , thecoexistencephasecompletelygoesaway; for
larger � , we do not pick up any inhomogeneityat anydensity(look at thebottomplot in order
to get informationaboutbehavior not visible in the 3d plot). Comparethis to the theoretical
expectationin Fig. 1(b),wherefor increasing� thetwo densitieseventuallymergeandthusthe
differentphasesgo away. Notethatcloseto thetransitionthesystemstill lookslike it possesses
differentphases(seeFig.1(c)(iv) andlocatethecorresponding�����I��
 and � �

Q

�

L

in Fig. 2(b)).
Thesestructuresdohoweverexist onsmallscalesonly. Thismeansthatfor systemsize �

P �

andmeasurementinterval
?EP �

(but
?�


� ), all intervalsof size
?

will eventuallyreturnthe
samedensityvalue.A segmentlengthof

?

� 


L

��� , asusedfor Fig. 2(b), is alreadysuf�cient in
orderto notmeasureany inhomogeneityfor thestatein Fig.1(c)(iv). Thiswill notbethecasefor
coexistencestates:In coexistencestate,therewill alwaysbesegmentswith differentdensities,
unless

?

� � . This is becausedropletswill coagulatesothatthey will eventuallyshow up on all
possiblelengthscales

?

.

Rememberagainthat � is amodelparameterwhile � is a traf�c observable.Thatis, onceonehas
settledfor an � , themodelbehavior is �x ed,andonehasdecidedif onecanencountera second
phaseor not. If onecanencountera secondphase,it will comeinto existencethroughchanging
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traf�c demandthroughouttheday– traf�c canmove from the laminarinto thecoexistenceand
potentiallyinto thejammedstateandback.

As a sideremark,let usnotethat thereis alsoanother1-phaseregimefor �

P

Q

. Albeit poten-
tially interesting,this is outsidethescopeof thispaper.

In summary, oneobtains,for the traf�c model,a phasediagramas in Fig. 1(b), which is the
schematicphasediagramfor agas-liquidtransitionin �uids. Again,theimportantfeatureof this
phasediagramis thattherearethreestatesfor low temperatures(small � or small� ): gas/laminar;
coexistence;liquid/jammed.For highertemperatures,thecoexistencerangebecomesmoreand
morenarrow, while thedensityof thegasphaseandthedensityof theliquid phasein thecoex-
istencestateapproacheachother. Eventually, thesedensitiesbecomeequal,andthecoexistence
statediesout. The only importantdifferenceis that for our traf�c modelthe phasediagramis
bentto theleft with increasing� .

Thereare othercriteria which canbe usedto understandthesetypesof phasetransitions. In
particular, onecan look at the gapdistribution betweenjams,andonewould expecta fractal
structureat thepointwherethe2-phaseandthe1-phasemodelmeet,i.e.at ���

Q

�

L

and � � �I��� .
This is indeedthe casebut goesbeyond the scopeof this paper;seeJost(2002) for further
information.

5. Cellular Automata Models

Many of theargumentsregardingthenatureof astochasticandpossiblycritical phasetransition
(Nagel,1994;NagelandPaczuski,1995;Sasvari andKertesz,1997;Rotersetal., 1999;Chowd-
hury et al, 2000)have beenmadeusingso-calledcellular automata(CA) models. CA models
usecoarsespatial,temporal,andstatespaceresolution.For traf�c, a standardway is to segment
a 1-laneroadinto cellsof length �!� , where � � is thelengtha vehicleoccupiesin theaveragein a
jam, i.e. � � �	� 1 �

�

�

H

� � ��� m.

As with theKraußmodel,thetimestepfor theCA modelsis bestselectedsimilar to thereaction
time; a time stepof 1 secondworks well in practice. Taking the time steptogetherwith � � ,
one�nds thata speedof 135km/h correspondsto � ve cellsper time step;this is oftentakenas
maximumvelocity �

H

���

.

StochasticCA modelscontaina noiseparameter� that introducesrandomnessinto thedriving
rules: With a probability � , thedeterministicallycalculatedvelocity getsreducedby one. This
is the sameideaasEq. (9) in the modelby Krauß. Onecanmake � dependenton the veloc-
ity (Barlovic et al., 1998); the resultingmodelsare sometimescalled modelswith “velocity-
dependentrandomization(VDR)”. Often one usesjust two probablilities: ��� when the car is
standingand ����� whenthecar is driving. Standardvaluesare ��� �

Q

� � and �	��� �

Q

�

Q

� . This
modelsthatdrivers,oncestopped,areabit sloppy in restartingagain.

With this family of models,onecanagainplot the densityvariance(Fig. 2(c)). Insteadof the
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Figure 2: (a) Time evolution of the numberof jams. All four curves are for 1000 carsand
� �

Q

��� . Eachcurve is an averageover at least80 realizations,eachwith a differentrandom
seed.(b) 3d-plotandisolinesof thedensityvariancein theKraußmodel.Theoutermostisoline
is Var	�� � � �

Q

�

Q

� , theinnermostVar	�� � � �

Q

�

Q

� . � �

�

QIQ=Q

and
?

��


L

��� (c) 3d-plotandisolines
of the densityvariancein the cellular automatamodelwith velocity dependentrandomization.
Theoutermostisolineis Var	�� � � �

Q

�

Q

�

, theinnermostVar	�� � � �

Q

� � 
 . � �

L=Q=QIQ

and
?

� 


L

� �
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noiseamplitude� , theparameter����� is used.�	��� �

Q

meansdeterministicdriving exceptwhen
acceleratingfrom zero; increasing� ��� meansincreasinglymorerandomnesswhenmoving. In
thisplot, one�nds abehavior similar to Fig. 2(b): For small � ��� , thesystemdisplaysthreestates
(laminar, coexistence,and jammed). For � ��� �

Q

�

�

, the systemis a 1-phasesystem. Close
to �	��� �

Q

�

�

andstill at �	��� �

Q

��� , the systemdisplaysa lot of jam formationandstructure
whichvanishesonly whenobservedatvery largescales(very large

?

). In consequence,it is now
clearwhy therewassomuchdiscussionaboutpossiblefractalsfor theoriginalmodel(Nageland
Schreckenberg, 1992)where��� � �	��� �

Q

��� : It is indeedcloseto a critical point,andtherefore
fractalbehavior up to acertaincut-off lengthscaleshouldbeexpected.

6. Phase Transitions in Deterministic Models

Only stochasticmodelscandisplayspontaneoustransitionsbetweenhomogeneousandcoexis-
tencestates.Thenatureof thetransitioncanhoweveralsobecomeclearin deterministicmodels.
Wewill discussthesesimilarities�rst for adeterministiccarfollowing modelandthenfor deter-
ministic �uid-dynamical models.

6.1 Car Follo wing Models

For themodelof Eq. (2), it hasbeenshown (Bandoet al., 1995)thatthehomogeneoussolution
of themodelis linearlyunstablefor densitieswhere�

�

	
	 ���O2 1

L

, where�

�

is the�rst derivative
of thefunction �
	
	 � , and 	 �

�

�

� ��� is thegap.Theinstabilitysetsin for intermediatedensities;
for low andhigh densitiesall modelsarestablein thehomogeneous(laminaror jammed)state.
For intermediatedensities,onecanselectthecurve � 	 	 � andtheparameter2 suchthatthemodel
eitherhasunstableranges,or not.

If all parametersincludingthedensityaresuchthatthehomogeneoussolutionis notstable,then
thesystemrearrangesitself into apatternof stop-and-gotraf�c, correspondingto thecoexistence
state.Thedensityof thelaminarandthejammedphasein thecoexistencestateareindependent
from theaveragesystemdensity, that is, if in thatstatesystemdensitygoesup, it is re�ected in
thejammedphaseusingup a largerfractionof space.

Thetypeof theinstability is similar to thebetter-known instabilityof Eq.(3). However, oncethe
instability is triggeredin Eq. (3), it will just grow exponentially, andno stable2-phasesolution
is found(e.g.GerloughandHuber(1975)).

6.2 Fluid-Dynamical Models

StandardLighthill-Whithamtheory, of thetype
�

�

�

�

�

�

��	��
� �

Q

(11)
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with a strictly convex �o w-density-curve �
	��
� , resultsin a 1-phasemodel,meaningthatshocks
smearout over time. When ��	��
� haslinear sections,then in thosesectionsshockwavesare
marginally stable,in thesensethatdisturbancesto thoseshocksareneitherampli�ed nor dissi-
patedaway.

Fluid-dynamicaltheory, of thetype

�

�

�

�

�

�

	�� � � �

Q

(12)

and
�

�

�

�

�

�

�

� �

�

�

4 �
	��
� � � 7

�

2 	��
�

�

�

�

���

	��
�

�

�

�

� (13)

can, dependingon the choiceof parametersincluding the � 	��
� -curve, eitherbe a 1-phase/1-
stateor a2-phase/3-statemodel(KühneandBeckschulte,1993).For example,thehomogeneous
solutionof the model with 2�	��
� �

���

�

�

and
�

	��
� �

�

� is linearly unstableat densitieswhere
�

�

�

	��
�

�

�

�

�

�

, where �

�

	��
� is the�rst derivativeof � with respectto � (KühneandBeckschulte,
1993).This is similar to theinstabilityconditionin Sec.6.1;notethat �

�

	��
� and �

�

	
	 � are,albeit
related,not thesame.

As pointedoutbefore,thesemodelsaredeterministic,soin nosituationwill thesemodelsdisplay
stochastictransitions.

7. Discussion

This paperestablishesthat stochasticmodelseitherpossessonehomogeneousphaseof traf�c
acrossthe whole densityrange(1-phasebehavior), or they possesstwo disjoint homogeneous
phases,“laminar” and“jammed”,whichareseparatedby adensityregimewherethetwo phases
coexist (2-phasebehavior). Speculationsabout this have beenaroundfor a ratherlong time
(e.g. Prigogineand Herman(1971); Reisset al. (1986); Treitererand Myers (1974)); corre-
spondingdeterministicmodelshave beenestablishedmorerecently(e.g.KernerandKonhäuser
(1994);Bandoet al. (1995)). However, despitemuchdiscussion(e.g.Nagel(1994);Nageland
Paczuski(1995);Sasvari andKertesz(1997);Roterset al. (1999);Chowdhuryet al (2000))no
clear picture for stochasticmodelswas established.Only stochasticmodelsallow to look at
meta-stablestates,spontaneoustransitions,andfractal-like structure,all of which areimportant
for realworld traf�c. Importantly, 1-phaseand2-phasebehavior canbeobtainedfrom thesame
modelby just changingoneparameter.

With respectto reality, thereis no generalagreementif measurementsshow 1-phase/1-stateor
2-phase/3-statetraf�c. As discussedin the introduction,thereis someevidencefor 2-phasebe-
havior in Germandata(KernerandRehborn,1996a,b,1997).Measurementsin NorthernAmer-
ica (Cassidy, 1998)point towards1-phasebehavior. In addition,many of the earliermeasure-
mentsthatpoint towards2-phasebehavior canin factbeexplainedby 1-phasemodelstogether
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with geometricconstraints(MuñozandDaganzo,in press).To make mattersworse,newer pub-
licationsclaim theexistenceof three(e.g.KernerandRehborn(1996b))or evenmore(e.g.Hel-
bing et al. (1999))phases,while otherpublications(e.g.Daganzoet al. (1999))claim thatthese
differentphasesarejustqueues.

Sincethereis discussionof enteringthe notion of stochasticbreakdown into the Highway Ca-
pacityManual,andsince,asdiscussedin theintroduction,thecorrectoperationof devices,such
asrampmeteringandadaptivespeedlimit, dependson theanswerof thebreakdown question,it
seemscritical to fully understandtheseissues.It alsoseemscritical to considerstochasticmod-
els,in orderto notbasethenotionof stochasticbreakdown ondeterministicmodels.Thispaper's
contribution is a solid steptowardsunderstandingtheconsequencesof stochastictraf�c break-
down, if it exists. In otherwords,this modelwill allow thedevelopmentof furtherpredictions,
which are impossibleto make by deterministicmodels,and thesepredictionscould be tested
against�eld data.For example,astochasticmodelwouldpredictacertainwavestructureinside
a queuecausedby a downstreambottleneck,similar to Windover andCassidy(2001),although
abottleneckwith �x edcapacitywouldbebettersuitedto testthetheory.

Thebasictheoryof phasetransitions,whichis behindthemuchof thismodelingwork,appliesin
theso-calledthermodynamiclimit, whichrefersto in�nitely largesystems.Sincetraf�c systems
aresmallwhencomparedto thermodynamicsystems,thetheoryneedsto bemodi�ed for those
smaller-scalesystems.Both the theoryandcomputermodelingprovide the tools for this, but
greatcarehasto betakento �nd predictionswhichcouldactuallybetestedin therealworld with
�nite queuelengthsand�nite durations.In consequence,suchcomparisonsarehighly desirable,
but outsidethescopeof thispaper.

8. Summar y

Thispapershows,via computationalevidence,thattwo speci�c stochasticcarfollowing models
caneitherdisplay1-phase/1-stateor 2-phase/3-statetraf�c, dependingon thechoiceof param-
eters. With 2-phaseparameters,the two phasesare: “laminar”, and“jammed”. Thesephases
alsocorrespondto two of the threestates.Thosestatesarehomogeneous.The third state,at
intermediatedensities,is a coexistencestate,consistingof sectionswith jammedandsections
with laminartraf�c.

The transitionto a 1-phase/1-statemodelhappensvia the densitiesof the laminarand of the
jammedphaseapproachingeachotheruntil they becomethesame.Beyond this point, thereis
only onehomogeneousphaseof traf�c.

Someof these�ndings canbeunderstoodby looking at deterministicmodelsfor traf�c, either
car-following or �uid-dynamical. However, the stochasticelementsof the transitioncannotbe
explainedby deterministicmodels. An importantstochasticelementis meta-stability, which
meansthat a “super-critical” homogeneousstatecan survive for long times beforeit “breaks
down” and reorganizesinto stop-and-gotraf�c. Another importantstochasticelementis that
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structureformation and strongvariability can also happenin a 1-phasemodel as long as the
parametersarecloseto the2-phasemodel– adeterministicmodelwouldconvergeto ahomoge-
neoussolutionhere.

It is importantto understandthis possibility of stochasticmodelsto be in different regimesif
oneconsidersto enterdiscussionsof traf�c breakdown probabilitiesinto theHighway Capacity
Manual. If traf�c is bestdescribedby a 1-phasemodel,thenthereis, in our view, no theoretical
justi�cation for suchprobabilities.If, however, traf�c is bestdescribedby a2-phasemodel,then
the2-phasemodelcouldgive theoreticalpredictionsfor breakdown probabilities.A discussion
of breakdown probabilitiesin 2-phasemodelscanbefoundin Nageletal. (In press).
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