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Abstract

Sincel956,the Beckmanmmodelis the referencdor the statictrafc equilibrium problemnot

only from atheoreticalbut alsofrom a practicalpoint of view. In 1998,Nester@ & de Palma
developeda new modelfor the statictraf ¢ equilibriumproblem.In contrastto the Beckmann
model,thetravel time onanarcis avariableof anoptimizationproblemandit is notdetermined
only by the ow on this arc. Additionally, road capacityconstraintsare explicitly modeled.
The main objectve of this work is to provide clarity on modeldifferencesboth theoretically
andpractically First, we considerqualitatve differencedbetweenboth models. In particular

the notion of delays,congestionthe detectionof Braessarcs, andthe price of anarchyare

presented.Secondly we study quantitatve differencesn the solutionsof both modelsusing

large-scalebenchmarknstancesaswell asreal data. For the Beckmannmodel, we solve the

correspondingptimizationproblemusingthe VISUM software. For the Nestere & de Palma
model,we designalgorithmsbasedon non-smootimethodslevelopedby Nestere in 2005.

Keywords
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1 Intr oduction

1.1 Motivation

Startingwith the massproductionof automobilesn the beginning of the lastcentury transport
analystsand economistsand, later, mathematiciangnd computerscientistshave considered
ways of copingwith road congestion. From a driver (user)point of view, the highesteco-
nomicalimpactof congestiortranslatesnto delays.Wardrop,1952,pointedoutin his Second
Principlethat congestiorcanonly occurif userschoosetheir routesindividually to optimize
their own utility functions,whichis usuallythe casein transportatiometworks. Thusthe main
focusof researcthasbeenon waysof understandingndpossiblyrelieving congestiorin this
settingin which driversarefree to choosetheir way. From a game-theoretipoint of view, a
transportatiometwork is considereat equilibriumwhenall traf ¢ patternsstabilize(and,thus,
alsothe delays)andno driver hasary incentve to changehis currentroute (Wardrops First
Principle,Wardrop,1952). In this case we saythe systemis at a userequilibrium state(UE).
The othersideof the spectrums whenthereis a centraldecisionmaker thatassigngoutesto
drivers. In this case the goalis to collectively optimizethe utilization of the network; when
thisgoalis achieredwe saythatthe systemis ata socialoptimumstate(SO). The existenceand
uniquenessf eitherstateds a non-trivial questionput they canbe guaranteedh certaincases
for somemathematicaimodels.

1.2 Modelsand Algorithms

Beckmanret al., 1956, werethe rst to proposeandsolve a mathematicamodelto compute
boththe UE and SO state. Sincethen, their modelhasbecomestandardn transportatiomet-
works(e.g.,Nagurng, 1993,Boyceetal., 2005andreferencesherein)andnowadayshereare
severalcommerciakcodeso solveit. In thismodel,the crucialassumptions the existenceof a

lateng functionfor eachroadof the network. As moreusersusearoad,its lateng grows, thus
makingit lessattractve. Mathematicallythe problemusuallybecomesa minimum costmul-

ticommodity o w problemwith non-linearbut corvex objectve in which thereareno binding
constraintamongthe o ws (the naturalroadcapacityconstraintareencodednly throughthe
lateng functions).

Parallel to the developmentof algorithmsto solve the underlyingmathematicabptimization

problem extensionf the Beckmanmmodelwith additionalconstraintdave beeninvestigated.
They aimatbeingmorerealistic. A generalizedltility functionis thenconsideredwhereatthe

sametime a lateng function and Lagrangemultipliers of the additionalconstraintsare used.
However, thesemodelshave beenlittle studiedmainly dueto computationaissuesseelarsson
andPatriksson 1999,andreferencesherein.

MorerecentlyNestere anddePalma,1998,2000,2003,developedanalternatve model.In this
model, the capacityconstraintsare kept explicitly in the multicommodity o w problem,and,
more crucially the First WardropPrincipleis a consequencef the complementanslackness
conditionsof a corvex optimizationproblem. In contrastto the Beckmannmodel,the delays
arenot computedvia lateng functions,but ratherasthe Lagrangemultipliers of the capacity
constraint®f alinearmulticommodity o w problem.Fromanumericalpoint of view, the nev
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primal-dualsubgradientechniquesdevelopedby Nester@, 2005, make this modelattractve
for large scalenetworks.

1.3 Aim

In this paperwe presenbothmodelsandtheir main propertiesOur aimis to provide clarity in
modeldifferencedoththeoreticallyandpractically Dueto the differentassumptionsmnodels
cannotbedirectlycomparedThus,thefollowing measureareconsideredn orderto determine
theusefullnes®f themodels.

The price of anarchy, introducedby Koutsoupiasand Papadimitriou,1999,andde ned
astheratio betweenthe total utility at UE andat SO, measure$iow far the UE is from
thebestpossibleuseof the network.

TheBraesgaradox studiedoy Braess1968,describeshecounterintuitivephenomenon
occurringwhenaddingmoreresourceso atransportatiometwork, e.g.,addingaroador
a bridge,deteriorateshe quality of a UE. Giventhe signi cant costof addingresources
to atransportatiometwork, agoodmodelshouldbe ableto predictBraess-paradotype
of problemsbeforeactuallymakinga physicalchangeo the network.

Moreover, we numericallyinvestigateahe setof congestedoadsaswell asthenumberof routes
usedperorigin-destinatiorpair. Ontheonehand we considesmallnetworkswherethe UE and
the SO canbe solvedwith high accurag for bothmodelsusingstandardolvers(e.g.,CPLEX,
MOSEK).OntheotherhandUE andSO areapproximately}computedor large scalenetworks.
In caseof the Beckmannmodel, we usethe software VISUM, 2006. For the Nestere & de
Palmamodel,an algorithmbasedon primal-dualsubgradientechniquesNestere, 2005,was
implemented.

After specifyingthe problemand describingthe Nestere & de Palmamodelin Section2,

we comparethe Beckmannmodelwith the Nestere & de Palmamodelin Section3. In this

sectionwe rst recallthesettingsof the Beckmanrmmodel. Then,usingbenchmarkBar-Gera,
2007)andreal-word (Bundesamtiir RaumentwicklundARE), 2005)instanceswe investigate
numericallymaindifferenceson the assignmenprovided by both models.Moreover, the price

of anarchyandthe Braessparadoxare studiedboth theoreticallyandnumerically Concluding
remarksandfutureresearclarepresentedn Sectiord.

2 Problem Statementand Nesteov & de Palma Model

2.1 Static Traf ¢ AssignmentProblem

In the following, we de ne formally the statictraf c assignmenproblemwhich is addressy
BeckmanrandNestere andde Palma.

We consideratrafc network G = (N ;A), whereN is the setof nodes,.e., intersectionr
zonesandA is thesetof thearcs,i.e.,theroads.Eacharca 2 A hasa capacity c,, i.e.,the
maximalnumberof carsthatcancrosstheroada duringagivenperiodof time,andafreetravel
time t,, theminimaltravel time neededo travel throughtheroada at maximalallowedspeed.

4



SwissTransporiResearctConference Septembel 2 - 14,2007

The goalof the statictraf c assignmenproblemis to allocatea givensetof driverswith x ed

origins anddestinationson the network in orderto attaina Social Optimum (SO) stateor an

UserEquilibrium (UE) state. At the SO statethe total travel time, i.e., the sumof all drivers'

travel time is minimized(secondWardropprinciple, 1952). At the UE stateeachdriver selects
hisfastestoute( rst Wardropprinciple,1952).Thecurrentstateof atraf c networkis speci ed

bya ow, f 2 RA ie. whereusersaredriving, andatraveltimeg t 2 R™ | i.e., how longit

takesto travel throughthe roadsof the network.

Thesetof x edoriginsanddestinationss denotecoy OD N N . For each x edorigin-
destinationpair (OD-pair),k 2 OD, d¢ > 0 correspondso the numberof driverstravelling
during a given periodof time from the origin ofk to its destination.We denoteby h* 2 R
the o w of theOD-pairk 2 OD andthus,f = = ,5 h*:

Note thatwe assumedhe numberof driversusinga roadto be constantduring the considered
period of time. Thus, we usethis problemfor studyingthe network load only during short

speci ¢ periodsof day, for examplepeakhourswherethe averagenumberof driversusinga

roadcanbe considereatonstant.

2.2 Nesteov & de Palma Model

For Nester@ and de Palma, the capacityc, of aroada 2 A in atrafc network cannotbe
violatedandasfar asthereis enoughcapacityon theroadsfor allocatingall drivers,thereis no
slowdown ontheroads.At capacitylimit, if the o w of driversis notwell managedg¢ongestion
andthus delayson the roadsmay occur One can characterizéhe modelasa uid model.
Assumptiorillresumeshe previousremarks.

Assumption 1. [Nesterow andde Palma,2000; Nestere andde Palma,2003]Let (f ;t) bea
traf c assignmentThen,(f ;t) satisfythefollowing conditions:

Thetotal ow f, onanarca 2 A neverexceedshecapacityc, ofthisarc,f, .

Belowcapacitythetraveltimet, onanarca 2 A is equalto its freetraveltimet,. At
capacitylimit, it cantake anyvaluelarger or equalto thefreetraveltime i.e.,

iffa< Ca) ta= ta
iffa=C) ta ta

P
Thetotal traveltimeisde nedas _,, fata.

Recallthat at SO we assumethat the drivers are managedoy a central organization,which
assignghe driverson the network in orderto minimize the total travel time. Thus, even for
aroadwith ow at capacitylimit, the travel time doesnot exceedthe free o w travel time.
For Nester@ andde Palma,computinga trafc assignmenat SO is equialentto solvingthe
following minimumlinear costmulticommodity o w problem,
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P
(NdP-SO) minf;h a2A fata

P
st. fa= ,0op hS @ 8a2A (1)

Ehk= 8k2 0D (2
h* 0 8k20OD (3
whereE is thenode-ardncidencematrixand  is thenodedemandvector i.e.,
8 8
< 1 if uisthetail of arca; < d¢ if uistheorigin of OD-pairk;
Euwa=_. 1 ifuistheheadofarca,; ku = . O¢ if uisthedestinatiorof OD-pairk;
0 otherwise ' 0 otherwise

Theobjectve functionof NdP-SOcorrespondso thetotal travel time sincethereareno delays
andthusthetravel time is equalto thefreetravel time,t = t. Equation(1) ensureshatcapacity
constraintsare respected.Equations(2) and (3) ensurethat the demandof eachOD-pair is
satis ed, i.e., all drivershave to be correctlyassignedWe notethatthis minimizationproblem
modelsthe SO problemin avery naturalmanner

Now let usfocusonthecapacityconstraintg1). Fromtheduality theorythecorrespondinglual
variablesareusuallyconsideredasthe price a useris willing to pay for gettingoneadditional
unit of capacity Nestere andde Palmainterpretit asa penalty i.e., a delay thatthe drivers
will facefor trying to usearoadalreadyat capacitylimit. We relax(1), thebindingrestriction,
andconsiderthe corresponding.agrangeDual problem,
C X )
max min  H; h i + h; h" GjEh*= ;h* 08k20D : (4)
0 hg; k20 b
k20 D k20 D

We obsenrethatfor x ed 0 andeachk 2 OD, theminimizationproblem

ngin h+ ;h h;cdjEh"= ;h" 0 ; (5)
is a minimum cost o w problemwithout capacityconstraintswherethe costcorrespondso
thetotal travel time for assigningdriversof OD-pair k giventhetravel timet = t + . Hence,
it is thensufcient to distribute the driversdy alonga shortestpathfor the commodityk with
respecto thegiventravel timet = t + . Having establishedhe duality relation,we obsene
thatfor anoptimalsolutionof NdP-SOf andoptimalLagrangemultipliers  for (1) we have

(f ;1) isatraf c assignmenat SO,
(f ;t+ ) isatrafc assignmenatUE.

It is importantto noteherethatthe o w is the sameat UE andat SO. UE and SO statesonly
differ in theirtravel times,i.e., the Lagrangemultipliers. Thus,from the point of view of trafc
management, canbeusedasanincentivefor sel sh driverstoreachtheSO.Onemaythink of
theuseof toll (roadpricing) or a calibrationof maximalallowedspeedsnd/or o w capacities.

Let usconsideragainthe LagrangeDual problem(d). DenoteP the setof all pathsbetween
origin anddestinatiorof the OD-pairk, anda$ thearcincidencevectorfor eachpathP 2 Py.
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Then,thelengthof the shortespathfor the OD-pairk giventhetravel timet, Ty (t), is de ned
by
— H K.gi ~-
T(t) = ggg,nkf heg ;i g: (6)
Using (B) and (@), the Lagrangedual of the NdP-SOproblem, ), becomes
X

max f dTe(t) h t;cg;
tt k20D

wherewe replaced + byt. Theorend resumeshepreviousremarks.
Theorem 2. [Nestero andde Palma,2000;Nestere andde Palma,2003]

Thearc traveltimet andthearc ow vectorf correspondto a trafc assignmenat user
equilibrium(UE) if andonlyif t is a solutionof thefollowing problem

X
(NdP-UE) max f dTe(t) h tdg; (7)
tt k20D

andf = c¢ s ,whees isavectorof optimaldual multipliersfor theinequalityconstaints

t tin(@.

flow capacity free travel time

2 1 ™1 1 demand 05 1
iy
1 5 arc index 1 5 05 2
fi=1 £=0 fi=1 £=0 ;=05 £=05

0=4"=1 t;°=t,"=2  t;=16°=2 t"in[12] ,E2 tP=1°=2 t">=2 t,'>=:
(@) (b) (©

Figurel: Nonuniquenessf delays

The existenceanduniquenes®f the SO andUE statesfor the Nestere & de Palmamodelis
a delicatequestion.It is obviousthataslong asthe NdP-SOproblemis feasible the SO state
existsbut maybenotunique.Theexistenceof UE is morerestrictve. If theLagrangemultipli-
ersarenotuniquethedelaysand,hencethetravel times,cannot bedeterminedexactly. In this
casethe mathematicaimodelindicatesthatthe distribution of the driverson the transportation
network is unstablewith respecto a smallchangeof the capacityof theroads.In the example
of Figurelll we have in (a) a situationwheredelaysare unigue,andactually equalto zero. In
(b), sincethe upperroadis usedat its capacitylimit, the delayon thisroadis boundedby the
differenceof the free travel timesof both alternatve routes. Finally in (c) we have the ow
on bothroadsat capacitylimit andthus,the travel time of both roadshave to be equalbut the
delaysmaybeunbounded.

In caseof unboundednessf delays,thereis at leastone OD-pair having no otheralternatve
route, suchthat ary small decreaseof ow capacitymake the NdP-SOprobleminfeasible.
One canshaw thatit is enoughto nd onesingleroada 2 A for which ary reductionof
capacitymakesthe NdP-SOprobleminfeasiblefor having unboundedielaysandvice versa,
seeRudyk,2007.
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3 Comparisonwith the BeckmannModel

In this section,we will rst summarizehe basicpropertiesof the Beckmannmodelandthen
presensomecomparisonbetweenNestere & de PalmaandBeckmanmmodelbasedon nu-
mericalresults.

3.1 BeckmannModel

In the Beckmanmmodel,oneassumeshatthetravel time for eacharca 2 A only depend®n
the ow onthearcandit is de ned by a lateng functionl,( ), which is corvex, continuous,
nonngative andnondecreasingMoreover, the capacityconstraintsaretaken into accountby
choosingd,( ) suchthataviolation of thecapacityc, is penalized Notethatthisallowssolutions
wherethecapgcityconstraintsireviolated. Thetotaltravel time of atraf ¢ assignmentf ; I(f ))
isdenedby _,, la(fa)fa. Undertheseassumptionghe SOis the solutionof the following
corvex optimizationproblem

) P
(B-SO) ming ., aza Tala(fa)

P
st. fa=  ,,0p N5 8a2A

Ehk= 8k 2 OD

hk 0 8k2 OD

Asin theNestere & dePalmamodel,this problemcorrespond$o a minimumcostmulticom-
modity o w problem.However, with anobjective functionthatmay be non-linearandwithout
capacityconstraints Typically usedlateng functionsarethe BPR functions(Bureauof Public
Road,1964)givenby

la(fa) = ta(l+ fé‘); . 0 8a2A ®)

They penalizemoreor lesstheover ow ontheroadsdependingnthevaluesof theparameters
and , seetheexamplein Figureld.

RecallthatP, denoteghe setof all pathsfor the OD-pair k. We denoteby h§ 2 R the ow
of OD-pair k alongpathP 2 P, andnotethatthetotal ow f, onroada 2 A canbethen
computedasfollows X X
fa= hs
k20D fP2Py;a2Pg =
Thetravel time of apathP giventhetotal ow f isdenedbylp(f) = _,p la(fa): The rst
Wardropprinciplein this context canbe statedasfollows:

Principle. [First Wardropprinciple,1952]Thetotal ow, f , satis esthe r stWardrop princi-

pleif andonlyif
X X
8k 2 OD and8 P;Q 2 P, sudithathf > 0) la(f ) la(f,); (9)

a2P a2qQ

i.e., only the shortestpathsare usedfor each OD-pair.

8
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2.4r
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load f/c

Figure2: Typical lateng functions,BPR, Bureauof PublicRoad, 1964

Onecanshaw thatcondition(@) correspondso the optimality conditionsof the following con-
vex optimizationproblem(seeBeckmanretal., 1956andPatriksson,1994)

: P R,
(B-UE) ming ., an o la(X)dx
P k
st. fa= 0phy 8a2A
Ehk= 8k2 OD
hk 0 8k2 OD

Eachoptimalsolutionf of theoptimizationproblemB-UE correspondso atraf c assignment,
(f ;I(f )) atUE for the Beckmanmmaodel.

The UE andthe SOin this settingalwaysexist aslong astheset
f(h)0p jEN* = ;h* 0 8k2 ODg

is nonemptysincethe B-SO andB-UE problemsarecornvex optimizationproblems.Theliter-
atureon methodsto solve the B-SO andthe B-UE is large. Seefor anoverview the paperof
Boyceetal., 2005.In particular BarGera,2002,developsan origin-basedalgorithmspecially
ef cient for solvingthe UE problemwhenhighly accuratesolutionsfor smallandlarge-scale
instancesarerequired.

Extensionsof the Beckmannmodel, where additional constraintsare consideredhave also
beeninvestigatedl.arssonandPatriksson,1999. However, they have not beendeeplystudied.
Mathematicallythe UE with additionalconstraintss formulatedasfollows
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_ P R;
(B-UEext) ming ., a2n o la(x)dx

st. g(f) O 8i 21 (additionalconstraints)
P k
fa=  ,0p N 8a2A
Ehk= 8k2 OD
hk 0 8k 2 OD;

wherel is a subsebf indicesof arcs,nodesor OD pairs,andg;(f ) areadditionalconstraints
whichareassumedo be corvex andcontinuoudifferentialfunctions.Again, the rst Wardrop
principlecorrespondso theoptimality conditionsof thecorvex optimizationproblemB-UEext.
Thepath'stravel time arein this settinggeneralizedsfollows

|
X X X . '
to(f 5 )= laf)+ @éz(af) !

az2pP i2l az2pP
wheref is anoptimalsolutionof B-UEext and arethe Lagrangemultiplierscorresponding
to theadditionalconstraintsConsiderfor examplethe specialcaseof o w capacityconstraints
ontheroads,g.(f) := fa c,. Foranoptimalsolutionf andthe optimal Lagrangemulti-
pliers , the generalizedravel time for eachroada 2 A is givenby ta(f,) = la(f,) + 4.
This correspondso the Nestere & de Palmamodelin the caseof constantateng functions,
la(fa) = ta8a2 A.

B-UEext is still acornvex optimizationproblem.Thus,a solutionexistsaslong asthe set

8P 2 Py; 8k2 OD;

f(h)WopjG(f)<08i21;Eh*= ,;h 0 8k2 ODg

is notempty However, B-UEext is computationallynoredif cult to solve sincethe additional
constraintareoftenbinding constraintsMoreover, the existenceof a UE is anontrivial ques-
tion asin Nester@ & dePalmamodel. The nonuniquenessf the dualmultipliers makesthat
thetravel timescannotbe exactly determined.

3.2 Numerical Comparison Basedon Small-ScaleNetworks

The modelsbasethe travel timeson differentassumptionsTherefore a direct comparisorof
thetravel timesis not suitable.Instead we studythe in uence of the models'assumption®n
thedrivers'distributiononthenetwork. In particular we considetthesetof congestedoadsand
thenumberof pathsusedperOD-pair. In this subsectionwe investigatewo smallinstance®f
thestatictraf c assignmenproblem,namelythe SiouxFalls andthe Anaheimnetworks,which
canbe solved with high accurag (10 ) usingstandardsolvers. The main characteristic®f
thesetwo instancesreshovn in Tablefll

For the Beckmanmmodel,threedifferentBPR functionsareused,BPR low, middle,and,high
(seeEquation(8) andFigureld). For the extendedBeckmannmodel,we choosethe capacity
constraintdor theroadsasadditionalconstraints.

First we investigatethe setof congestedoadsat SO andat UE for both models. In Figures3
anddl thesesetsaredepictedfor the Sioux Falls network. Theroadsat capacitylimit aredravn

10
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Figure3: SiouxFalls- o w distribution at SocialOptimum
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Instance  Zones Nodes Roads OD-pairs

SiouxFalls 24 24 76 528
Anaheim 38 416 914 1'405

Tablel: Characteristicef the smallnetworks

in yellow andthe roadswith over ow aredrawvn in red. We obsene thatthe setof congested
roadsprovidedby the solutionof theNestere & de Palmamodelcontainghe setof congested
roadsprovided by the solutionsof the consideredBeckmanrandextendedBeckmannmmodels
atSOaswell asat UE. Thesameresultscanbe obsenedfor the Anaheimnetwork. Moreover,
asexpectedthe o w distribution deliveredby the solutionsof the extendedBeckmanmmodel
is closeto the o w distribution obtainedby usingthe Nestere & dePalmamodel.Not surpris-
ingly, if the lateng functionincreaseshe penaltyon the over ow, the over ow in thederived
traf c assignmenis reducedseeTabledd and3). However, it is interestingto remarkthatthe
lateng functionwhich bestduplicategshesolutionprovidedby theNestere & dePalmamodel,
bothat SOandat UE, is the BPR functionwith the standardgparametersvalues, = 0:15and
= 4. Thesevalueswerede ned by the Bureauof PublicRoad,1964.

Model SO UE
average(%) | std(%) | average(%) | std(%)
BPRIlow 108.5 2.1 116.4 2.8
Beckmann| BPRmedium 104 1.8 111.2 1.9
BPRhigh 102.7 4 109 2.1

Table2: SiouxFalls - averageover ow at SOandat UE

Model SO UE
average(%) | std(%) | average(%) | std(%)
BPRIlow 106.7 5.6 122.7 9.7
Beckmann| BPRmedium 0 0 110 7.9
BPRhigh 0 0 103.9 7.7

Table3: Anaheim- averageover ow at SOandat UE

In Tabledd andg, theaveragenumberof pathsusedperOD -pairat SOandat UE by bothmod-
elsis summarizedWe remarkthatthe o w distributionderivedfrom the Nestere & dePalma
model( 1 pathOD-pair) usedesspathsthanthe o w distribution derived by the Beckmann
models(" 1.4 pathsOD-pair). The additionof capacityconstraintson the Beckmannmodel
doesnotsigni cantly in uence the numberof pathsused.

From our numericalresults,we obsene thatthe Nestere & de Palmamodelgeneratesrafc
assignmentsvherethe o w distribution is concentrateds muchaspossible whetherwe look
for a SO or a UE state. In contrast,but asexpectedfrom the Beckmanmmodel,the morewe
penalizethe over ow themorethe o w is spreadbut over the network.

13
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Model | SO | UE

Nestery & dePalma 1.057| 1.057
BPRIlow 1.572| 1.299

Beckmann BPRmedium| 1.458| 1.439
BPRhigh 1.545| 1.574

BPRIlow 1.598| 1.598
ExtendedBeckmann| BPRmedium| 1.485| 1.652
BPRhigh 1.545| 1.598

Table4: SiouxFalls - averagenumberof usedpathsat SO andat UE

Model | SO | UE

Nestery & dePalma 1.004| 1.004
BPRIlow 1.357| 1.277

Beckmann BPRmedium| 1.443| 1.398
BPRhigh 1.458]| 1.440

BPRIlow 1.322| 1.289
ExtendedBeckmann| BPRmedium| 1.443| 1.403
BPRhigh 1.458| 1.436

Table5: Anaheim- averagenumberof usedpathsat SOandat UE

Price of Anarchy

As alreadymentionedn theintroduction thepriceof anarchywas rst introducedoy Koutsoupias
andPapadimitriou,1999,andit is de ned astheratio betweerthetotal utility at UE andat SO.

In our contet, thetotal utility, correspondso thetotal travel time of atraf c assignmen(f ; t)
andis denotecoy U(f ;t) = _,, fata. Thepriceof anarchyis thenformulatedasfollows

riceof anarchy = ("= 07).
P y= U(f SO; tS0)’

where(f VE; tYE) correspondso atrafc assignmenat UE and(f S©;tS°) to atrafc assign-
mentat SO.In our contet, anupperboundon thepriceof anarchyis arelative measuren how
fara UE is off from a bestpossiblenetwork utilization (SO).

Theexistenceof suchboundsfor the Beckmanmmodelwithout additionalconstraintdiasbeen
intensvely investigatedn recentyears,seeRoughgardemand Tardos,2000,Roughgardemand
Tardos,2004, Correaet al., 2004 and referencegherein. For example, Roughgarden2003,
shavsthatthepriceof anarchyis boundedy O(ﬁ) whenthelateng functionis apolynomial
with nonneative coefcients anddegreeat mostd. Thus,the price of anarchyfor the BPR
functionsis boundedoy O(W) (= 2for = 4).

For the Nestere & de Palmamodelaswell asfor the Beckmannmodelwith additionalcon-
straintsthe existenceof sucha boundis intrinsically relatedto the boundednessf the delays,
i.e., the Lagrangedual multipliers. We reconsidenow the examplein Figure[ll (c). Usingthe
Nestere & de Palmamodel, we get a total travel time at SO of g The total travel time at
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UE is unboundedsinceary solutiondistributing half of the o w on eacharc with the delays
1= 2+1 , Oisatrafc assignmenatUE. Thepriceof anarchyisthen§(1+ 1). The
sameobsenationcanbe madefor the extendedBeckmanmmodel.

Eachcomputedprice of anarchygivesan informationon the utilization of the network. We
computethe price of anarchyfor thetrafc assignments$or the Sioux Falls andthe Anaheim
networks. Tablefd summarizesheseresults.We obsene thatthe Nestere & de Palmamodel
is morepessimistidhanthe Beckmanmmodel,evenif capacityconstraintsare explicitly con-
sidered.Thedifferencefor the Anaheiminstancas muchsmallercomparedo the Sioux Falls
instance sincethe rst doesnot correspondo a highly loadednetwork. In the Anaheimin-
stancepnly 0.76 % of theroadsareat capacitylimit for the Nestere & de Palmamodeland
0.66% for the pessimistidJE givenby the Beckmanmmodel.

Model | SiouxFalls | Anaheim
Nestere & dePalma 1.38 1.008
BPRIlow 1.026 1.002
Beckmann BPRmedium 1.039 1.006
BPRhigh 1.053 1.007
BPRIlow 1.003 1.002
ExtendedBeckmann| BPRmedium 1.016 1.006
BPRhigh 1.025 1.008

Table6: Priceof Anarchy

BraessParadox

As alreadymentionedin the introduction,the Braessparadoxoccurswhenaddingmorere-
sourcedo atransportatiometwork, for exampleaddingaroador abridge,deteriorateshequal-
ity of a UE. In otherwords,moreresourcesreateworsedelaysfor the drivers. Braess; 1968,
wasthe rst to point out this counterintuitive fact by exhibiting a simple exampleusingthe
Beckmannmodel. This phenomenortanalso be interpretedasfollows. Supposewe closea
roador we increasdts free travel time by decreasinghe maximalallowed speedn this road.
If theutility, i.e., thetotal travel time,at UE decreasethenwe obsene alsoa Braesgparadox.

In the following we investigatenumericallythe detectionof Braessphenomenan the Sioux
Falls network by thethreemodels.For this sale we increasehefreetravel time for oneroadat
thetime andwe look for animprovementof the total travel time at UE. In Table[d therelative
improvementof thetotal travel timeis givenfor thetestedroads.

We notethatthe extendedBeckmanmmodeldoesnot detectary Braesgparadox.Road25 and
26 areseenasBraessroadsby the Nestere & de Palmamodelaswell asby the Beckmann
modelbut only for lateng functionBPRmediumandhigh. Roadl5and16 areonly considered
asBraesgoadsby theNestere & dePalmamodel. The sameobsenationcanbe madefor the
Anaheimnetwork.

The Braessparadoxis intrinsically tied to the demandsf the OD-pairs. After reducingthe
demandof all OD-pairsby 30 %, neitherthe Nestere & de Palmamodelnor the Beckmann
model detectsa Braessparadox. From our numericalresults,we note that the detectionof
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Road| Nestero & Beckmann ExtendBeckmann
dePalma | BPRlow BPRmedium BPRhigh | BPRlow BPRmedium BPRhigh

15 2.02 - - - - - -

16 2.02 - - - - - -

25 3.52 - 1.19 1.36 - - -

26 3.52 - 1.19 1.36 - - -

Table7: SiouxFalls - BraesParadox

the BraessParadoxfor the Beckmanmmodeldependsasexpectedon the choiceof the lateng
function.

3.3 Numerical Comparison Basedon Lar ge-Scala\etworks

In the previous subsectionthe instancesonsideredveresmallenoughto be solvedwith very
high accurag by standardsolvers(e.g. CPLEX, MOSEK). Now we focuson large scalein-
stancearisingfrom realworld problemswhich cannotbe handledby thesesolversarymore,
mainly due to memoryrequirements.Therefore,we comparethe trafc assignmentsat UE
generatedby bothmodelsusingapproximatenethodsequiringlesscomputationaéffort.

For the Beckmanmmodel,we concentraten the modelwithout additionalconstraints B-UE,
whichis mostusedin practice andapplythesoftwareVISUM, 2006. Themethodusedby this
softwareis dividedinto two phasesin the rst phasesuccessie shortespathassignmentare
made. At eachiteration, a part of eachOD-pair's demandis assignendo one of its current
shortespathsandthenthetravel time of eacharcis updated.In the secondohasethe o w for
eachOD-pairis balancecamongthe alreadyassignegathsuntil thetravel time of eachpathis
approximatelythe samej.e., until equilibrium.

For the Nestere & de Palma model, we implementan algorithm basedon the primal-dual
subgradientechniqueslevelopedby Nesterwe, 2005.We applytheseechniqueso theNdP-UE
problem,i.e., we approximatehe travel time t. Contraryto traditionalsubgradientmethods,
the information given by the subgradientss kept during all iterations. In our contet, this
correspondso theshortespathsfor eachOD-pair giventhe currenttravel time approximation
andthusthe pathswherethedriverswill beassignendby thealgorithm'siterations.

As alreadymentionedtheinstanceshatwe aregoingto studyarisefrom realworld problems.
We consideranareaaroundZurich, Switzerland suchthateachOD -pair canbereachedvithin
one hour approximately Then,we choosedifferentone hour periodsduring the day to have
differentdemandsTableld summarizeshe maincharacteristicef Zurich Regional. Thesedata
aswell asthe parameteraluesof the BPR lateng function wereprovided by Bundesamtur
Raumentwicklund ARE), 2005. In FigureH the devision of the Zurich Regional network in
zoneds depicted.

Sincethe softwareVISUM cannotcomputeSO stateswe focusin this subsectioron the study

of the UE. The stoppingcriterion of the methodin VISUM is the relative differenceof the

travel timesof the pathsusedper OD-pair. We setit to 5%. For the primal-dualsubgradient
algorithm, we chooseas stoppingcriteria a relative gap of 0.005to optimal solution of the

NdP-UEproblem.
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Zones Nodes Roads
Zurich Rggional 784 7'009 16'936

OD-pairs Total Demand

00:00- 01:00 253'705 7'559.74
07:00- 08:00 433'504 231'255.02
08:00- 09:00 437'803 127'922.89
12:00- 13:00 369'449 176'222.85
17:00-18:00 443'622 252'871.96
18:00-19:00 439'660 175'669.58

Table8: Characteristicef Zurich Regionalnetwork, Bundesamfir RaumentwicklundARE)

Figure5: Zurich Regional- zones
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In Figuredd and[d we obsene thatthe setof congestedrcsat the Nestere & de PalmaUE
containghesetof congeste@rcsatthe BeckmanrJE. However, Tabled shovsthattheaverage
congestionover ow) is higherfor the Beckmanntrafc assignmenthanfor the Nestero &
de Palmatraf c assignmentRecallthatover ow cannothappenin the Nestere & de Palma
model. Theover ow obsenedin Table@is dueto thefactthatwe areapproximatelycomputing
thetrafc assignmenat UE.

Nestery & dePalma Beckmann
Numberof Average Numberof Average
Congestedircs (%) | Congestion(%) | Congestedircs (%) | Congestiorn(%)

00:00- 01:00 0 0 0 0
07:00- 08:00 1.25 102.65 0.74 114.31
08:00- 09:00 0.12 100.65 0.01 104.76
12:00- 13:00 0.08 100.74 0.02 105.68
17:00- 18:00 0.89 102.17 0.41 112.23
18:00- 19:00 0.27 100.75 0.05 103.84

Table9: Zurich Regional- numberof congestedrcsandaveragecongestior{over ow) at UE

Nestere & dePalmamodel Beckmanmmodel

2
Ny

L
NG

12:00- 13:00

mmm UNused road === NOt congested ro:
congested road =sssm overflow

Figure6: Zurich Regional- o w distribution at UserEquilibrium
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Nestere & dePalmamodel Beckmanmmodel

17:00- 18:00

18:00- 19:00

mmm UNused road === NOt congested ro:
congested road =ssm overflow

Figure7: Zurich Regional- o w distribution at UserEquilibrium
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Figure8 shaws the differencein the distribution of the total o w. We remarkthatthe fraction
of arcswith more o w in the Nestere & de Palmaassignmen(in orange)is biggerthanthe
fractionof arcswith more o w in the Beckmanrassignmen(in red).

mmmm Beckmann +
mmmm  Beckmann = Nesterov & de Palr

Nesterov & de Palma +
12:00- 13:00

17:00- 18:00 18:00- 19:00

Figure8: Zurich Regional- o w differenceat UserEquilibrium
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Nestere & dePalma Beckmann
AverageNumber | Maximal Relative | AverageNumber | Maximal Relative

of Paths Travel Time of Paths Travel Time

perOD-pair Difference perOD-pair Difference
00:00- 01:00 1 0 1.076 <0.05
07:00- 08:00 13.299 0.24 1.401 <0.05
08:00- 09:00 1.137 0.06 1.207 <0.05
12:00- 13:00 1.057 0.04 1.162 <0.05
17:00- 18:00 2.138 0.15 1.329 <0.05
18:00- 19:00 1.320 0.06 1.264 <0.05

Tablel0: Zurich Regional- averagenumberof pathsusedat UE andmaximalrelative difference
of theirtravel times

Finally, we considerthe averagenumberof pathsusedper OD-pair and the quality of the
correspondindgJE, i.e.,theaccurag of thetravel timesof theusedpaths,seeTable 10. For the
Beckmanrassignmenive know thattherelative differencen thetravel timesof theusedpaths
is at most5% (stoppingcriterion). For the Nestere & de Palmamodel, the corresponding
valuesareshown in thetable. Most arelargerthan5%. Consideringthe averagenumberof
pathsusedat UE, we obsene that for instanceswith low OD-pair demandg00:00- 01:00,
12:00-13:00),the driversarelessspreadout in the Nestere & de Palmasolutionthanin the
Beckmannsolution. However, for instancesvith high OD-pair demandsghis is not the case.
This is mainly dueto the appliedmethod. In the primal-dualsubgradienmethodwe keepall
theinformationof the shortespathscomputedat eachiterationof the algorithmanddistribute
the driverson thesepathsin the end. The instancewith small OD-pair demandnly needa
few iterationsto reacha solutionwith highaccurag (relatve gap).

4 Summary and Outlook

We compareda new modelingapproacHor the statictraf c assignmenproblem,the Nester@
& de Palmamodel,with the well-establishedBeckmanrmmodel,andan extensionof the Beck-
mannmodel.

Theexistenceof asocialoptimum(SO)is ensuredor bothmodelsunderminimalrequirements.
Theexistenceof a userequilibrium(UE) is alsoeasilyensuredor the Beckmanmmodel,but it
is morerestrictve for the Nestere & de Palmaandthe extendedBeckmanmmodel. Thelatter
two modelsuse minimum costmulticommodity o w problemswith capacityconstraintsand
the correspondind.agrangedual multipliers for de ning a UE. Therefore the existenceof a
UE andits uniquenesareintrinsically tied to the existenceof the Lagrangedual multipliers.

In the Nestere & de Palmamodel,duality theoryyieldsthatthe o w patternsareequalat SO
andat UE andthatthetravel timesdiffer exactly by the Lagrangedualmultipliers. This duality
relationprovidesa naturalway to offer anincentive to sel sh driversto reachthe SO.On the
otherhand,with the Beckmannandthe extendedBeckmannmodel,trafc managersieedto
adjustthe parametersf thelateng functionto achieve the sameresult.

As thetravel timesof the modelsarebasedn differentassumptionsye did notcomparehem
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directly. Insteadwe focusedon a computationatomparisorof the o w distribution at UE and
at SO generatedy the models. Both for smallandlarge scaleinstancesve obsenedthatthe
setof congestedoadsin the Nestere & dePalmamodelincludesthe setof congestedoadsin
the Beckmanmmodel. For the smallinstanceshedriversarelessspreadbutin the Nestere &
de Palmamodelthanin the Beckmanmmodel. For the large instanceswith high total demand
thedriversaremorespreacdutin theNestere & dePalmamodelthanin theBeckmanmmaodel.

At themomentour resultsdo notenableusto decidewhich modelbetterpredictstherealtraf c
ow. In orderto answerthis questionwe needto do a comparisorwith real datafrom trafc
counters.A comprehensk investigationof the extendedBeckmannmodel,usinglarge scale

instancesshouldalsobe doneto clarify thedifferenceto the Nestere & dePalmamodel.
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