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Abstract

Since1956,theBeckmannmodelis thereferencefor thestatictraf�c equilibriumproblemnot
only from a theoreticalbut alsofrom a practicalpoint of view. In 1998,Nesterov & dePalma
developeda new modelfor thestatictraf�c equilibriumproblem.In contrastto theBeckmann
model,thetravel timeonanarcis avariableof anoptimizationproblemandit is notdetermined
only by the �o w on this arc. Additionally, roadcapacityconstraintsareexplicitly modeled.
The main objective of this work is to provide clarity on modeldifferencesboth theoretically
andpractically. First, we considerqualitative differencesbetweenbothmodels. In particular,
the notion of delays,congestion,the detectionof Braessarcs,and the price of anarchyare
presented.Secondly, we studyquantitative differencesin the solutionsof both modelsusing
large-scalebenchmarkinstancesaswell asrealdata. For the Beckmannmodel,we solve the
correspondingoptimizationproblemusingtheVISUM software.For theNesterov & dePalma
model,wedesignalgorithmsbasedonnon-smoothmethodsdevelopedby Nesterov in 2005.

Keywords

static traf�c assignmentproblem– userequilibrium – socialoptimum– Beckmannmodel–
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1 Intr oduction

1.1 Moti vation

Startingwith themassproductionof automobilesin thebeginningof thelastcentury, transport
analystsand economistsand, later, mathematiciansandcomputerscientistshave considered
ways of coping with road congestion. From a driver (user)point of view, the highesteco-
nomicalimpactof congestiontranslatesinto delays.Wardrop,1952,pointedout in his Second
Principlethat congestioncanonly occur if userschoosetheir routesindividually to optimize
their own utility functions,which is usuallythecasein transportationnetworks.Thusthemain
focusof researchhasbeenon waysof understandingandpossiblyrelieving congestionin this
settingin which driversarefree to choosetheir way. From a game-theoreticpoint of view, a
transportationnetwork is consideredatequilibriumwhenall traf�c patternsstabilize(and,thus,
alsothe delays)andno driver hasany incentive to changehis currentroute(Wardrop's First
Principle,Wardrop,1952). In this case,we saythesystemis at a userequilibriumstate(UE).
Theothersideof thespectrumis whenthereis a centraldecisionmaker thatassignsroutesto
drivers. In this case,the goal is to collectively optimizethe utilization of the network; when
thisgoalis achievedwesaythatthesystemis atasocialoptimumstate(SO).Theexistenceand
uniquenessof eitherstatesis a non-trivial question,but they canbeguaranteedin certaincases
for somemathematicalmodels.

1.2 Modelsand Algorithms

Beckmannet al., 1956,werethe �rst to proposeandsolve a mathematicalmodelto compute
both theUE andSOstate.Sincethen,their modelhasbecomestandardin transportationnet-
works(e.g.,Nagurney, 1993,Boyceetal., 2005andreferencestherein)andnowadaysthereare
severalcommercialcodesto solve it. In thismodel,thecrucialassumptionis theexistenceof a
latency functionfor eachroadof thenetwork. As moreusersusearoad,its latency grows,thus
makingit lessattractive. Mathematicallytheproblemusuallybecomesa minimumcostmul-
ticommodity�o w problemwith non-linearbut convex objective in which thereareno binding
constraintsamongthe�o ws(thenaturalroadcapacityconstraintsareencodedonly throughthe
latency functions).

Parallel to the developmentof algorithmsto solve the underlyingmathematicaloptimization
problem,extensionsof theBeckmannmodelwith additionalconstraintshavebeeninvestigated.
They aimatbeingmorerealistic.A generalizedutility functionis thenconsidered,whereat the
sametime a latency function andLagrangemultipliers of the additionalconstraintsareused.
However, thesemodelshavebeenlittle studiedmainlydueto computationalissues,seeLarsson
andPatriksson,1999,andreferencestherein.

MorerecentlyNesterov anddePalma,1998,2000,2003,developedanalternativemodel.In this
model,the capacityconstraintsarekept explicitly in the multicommodity�o w problem,and,
morecrucially the First WardropPrinciple is a consequenceof the complementaryslackness
conditionsof a convex optimizationproblem. In contrastto the Beckmannmodel,the delays
arenot computedvia latency functions,but ratherastheLagrangemultipliersof thecapacity
constraintsof a linearmulticommodity�o w problem.Froma numericalpointof view, thenew
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primal-dualsubgradienttechniquesdevelopedby Nesterov, 2005,make this modelattractive
for largescalenetworks.

1.3 Aim

In thispaperwepresentbothmodelsandtheir mainproperties.Ouraim is to provideclarity in
modeldifferencesboththeoreticallyandpractically. Dueto thedifferentassumptions,models
cannotbedirectlycompared.Thus,thefollowingmeasuresareconsideredin orderto determine
theusefullnessof themodels.

� Theprice of anarchy, introducedby KoutsoupiasandPapadimitriou,1999,andde�ned
astheratio betweenthe total utility at UE andat SO,measureshow far theUE is from
thebestpossibleuseof thenetwork.

� TheBraessparadox, studiedbyBraess,1968,describesthecounter-intuitivephenomenon
occurringwhenaddingmoreresourcesto a transportationnetwork, e.g.,addingaroador
a bridge,deterioratesthequality of a UE. Giventhesigni�cant costof addingresources
to a transportationnetwork, a goodmodelshouldbeableto predictBraess-paradoxtype
of problemsbeforeactuallymakingaphysicalchangeto thenetwork.

Moreover, wenumericallyinvestigatethesetof congestedroadsaswell asthenumberof routes
usedperorigin-destinationpair. Ontheonehand,weconsidersmallnetworkswheretheUEand
theSOcanbesolvedwith highaccuracy for bothmodelsusingstandardsolvers(e.g.,CPLEX,
MOSEK).On theotherhandUE andSOareapproximatelycomputedfor largescalenetworks.
In caseof the Beckmannmodel,we usethe softwareVISUM, 2006. For the Nesterov & de
Palmamodel,analgorithmbasedon primal-dualsubgradienttechniques,Nesterov, 2005,was
implemented.

After specifyingthe problemand describingthe Nesterov & de Palma model in Section2,
we comparethe Beckmannmodelwith the Nesterov & de Palmamodel in Section3. In this
section,we �rst recall thesettingsof theBeckmannmodel.Then,usingbenchmark(Bar-Gera,
2007)andreal-word (Bundesamtfür Raumentwicklung(ARE), 2005)instances,weinvestigate
numericallymaindifferenceson theassignmentprovidedby bothmodels.Moreover, theprice
of anarchyandtheBraessparadoxarestudiedboththeoreticallyandnumerically. Concluding
remarksandfutureresearcharepresentedin Section4.

2 ProblemStatementand Nesterov & de Palma Model

2.1 Static Traf�c AssignmentProblem

In the following, we de�ne formally thestatictraf�c assignmentproblemwhich is addressby
BeckmannandNesterov anddePalma.

We considera traf�c network G = (N ; A ), whereN is thesetof nodes,i.e., intersectionsor
zones,andA is thesetof thearcs,i.e., the roads.Eacharca 2 A hasa capacity, ca, i.e., the
maximalnumberof carsthatcancrosstheroada duringagivenperiodof time,andafreetravel
time, �ta, theminimal travel timeneededto travel throughtheroada atmaximalallowedspeed.
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Thegoalof thestatictraf�c assignmentproblemis to allocatea givensetof driverswith �x ed
origins anddestinationson the network in orderto attaina SocialOptimum(SO) stateor an
UserEquilibrium (UE) state.At theSOstatethe total travel time, i.e., thesumof all drivers'
travel time is minimized(secondWardropprinciple,1952).At theUE stateeachdriverselects
hisfastestroute(�rst Wardropprinciple,1952).Thecurrentstateof atraf�c network is speci�ed
by a �ow , f 2 RjAj , i.e., whereusersaredriving, anda travel time, t 2 RjAj , i.e., how long it
takesto travel throughtheroadsof thenetwork.

Thesetof �x edoriginsanddestinationsis denotedby OD � N � N . For each�x edorigin-
destinationpair (OD-pair), k 2 OD, dk > 0 correspondsto the numberof driverstravelling
duringa givenperiodof time from theorigin of k to its destination.We denoteby hk 2 RjAj

the�o w of theOD-pair k 2 OD andthus,f =
P

k2O D hk :

Note thatwe assumethenumberof driversusinga roadto be constantduring the considered
periodof time. Thus, we usethis problemfor studyingthe network load only during short
speci�c periodsof day, for examplepeakhourswherethe averagenumberof driversusinga
roadcanbeconsideredconstant.

2.2 Nesterov & de Palma Model

For Nesterov andde Palma, the capacityca of a roada 2 A in a traf�c network cannotbe
violatedandasfarasthereis enoughcapacityon theroadsfor allocatingall drivers,thereis no
slowdown ontheroads.At capacitylimit, if the�o w of driversis notwell managed,congestion
and thus delayson the roadsmay occur. One can characterizethe model as a �uid model.
Assumption1 resumesthepreviousremarks.

Assumption 1. [Nesterov andde Palma,2000;Nesterov andde Palma,2003] Let (f ; t) be a
traf�c assignment.Then,(f ; t) satisfythefollowingconditions:

� Thetotal �ow f a on anarc a 2 A neverexceedsthecapacityca of thisarc, f a � ca.

� Belowcapacitythe travel time ta on an arc a 2 A is equalto its freetravel time �ta. At
capacitylimit, it cantakeanyvaluelarger or equalto thefreetraveltime, i.e.,

if f a < ca ) ta = �ta;

if f a = ca ) ta � �ta:

Thetotal traveltimeis de�nedas
P

a2A f ata.

Recall that at SO we assumethat the driversare managedby a centralorganization,which
assignsthe driverson the network in orderto minimize the total travel time. Thus,even for
a roadwith �o w at capacitylimit, the travel time doesnot exceedthe free �o w travel time.
For Nesterov anddePalma,computinga traf�c assignmentat SO is equivalentto solving the
following minimumlinearcostmulticommodity�o w problem,
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(NdP-SO) minf ;h
P

a2A f a�ta

s.t. f a =
P

k2O D hk
a � ca 8 a 2 A (1)

Ehk = � k 8 k 2 OD (2)

hk � 0 8 k 2 OD (3)

whereE is thenode-arcincidencematrixand� k is thenodedemandvector, i.e.,

Eu;a =

8
<

:

� 1 if u is thetail of arca;
1 if u is theheadof arca;
0 otherwise:

� k;u =

8
<

:

� dk if u is theorigin of OD-pair k;
dk if u is thedestinationof OD-pair k;
0 otherwise:

Theobjective functionof NdP-SOcorrespondsto thetotal travel timesincethereareno delays
andthusthetravel time is equalto thefreetravel time,t = �t. Equation(1) ensuresthatcapacity
constraintsare respected.Equations(2) and (3) ensurethat the demandof eachOD-pair is
satis�ed,i.e.,all drivershave to becorrectlyassigned.We notethatthis minimizationproblem
modelstheSOproblemin averynaturalmanner.

Now let usfocusonthecapacityconstraints(1). Fromthedualitytheorythecorrespondingdual
variablesareusuallyconsideredasthepricea useris willing to pay for gettingoneadditional
unit of capacity. Nesterov andde Palmainterpretit asa penalty, i.e., a delay, that the drivers
will facefor trying to usea roadalreadyat capacitylimit. We relax(1), thebindingrestriction,
andconsiderthecorrespondingLagrangeDualproblem,

max
� � 0

min
hk ; k 2O D

(

h�t;
X

k2O D

hk i + h�;
X

k2O D

hk � ci j Ehk = � k ; hk � 0 8 k 2 OD

)

: (4)

Weobserve thatfor �x ed �� � 0 andeachk 2 OD, theminimizationproblem

min
hk

�
h�t + ��; hk i � h�; ci j Ehk = � k ; hk � 0

	
; (5)

is a minimum cost �o w problemwithout capacityconstraints,wherethe costcorrespondsto
thetotal travel time for assigningdriversof OD-pair k giventhetravel time t = �t + �� . Hence,
it is thensuf�cient to distribute thedriversdk alonga shortestpathfor thecommodityk with
respectto thegiventravel time t = �t + �� . Having establishedtheduality relation,we observe
thatfor anoptimalsolutionof NdP-SOf � andoptimalLagrangemultipliers� � for (1) wehave

(f � ; �t) is a traf�c assignmentatSO,
(f � ; �t + � � ) is a traf�c assignmentatUE.

It is importantto noteherethat the �o w is thesameat UE andat SO.UE andSOstatesonly
differ in their travel times,i.e., theLagrangemultipliers.Thus,from thepointof view of traf�c
management,� � canbeusedasanincentivefor sel�sh driversto reachtheSO.Onemaythinkof
theuseof toll (roadpricing)or acalibrationof maximalallowedspeedsand/or�o w capacities.

Let usconsideragaintheLagrangeDual problem(4). DenotePk thesetof all pathsbetween
origin anddestinationof theOD-pair k, andak

P thearcincidencevectorfor eachpathP 2 Pk .
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Then,thelengthof theshortestpathfor theOD-pair k giventhetravel time t, Tk(t), is de�ned
by

Tk(t) = min
P 2P k

f hak
P ; ti g: (6)

Using(5) and(6), theLagrangedualof theNdP-SOproblem,(4), becomes

max
t � �t

f
X

k2O D

dkTk(t) � ht � �t; ci g;

wherewereplaced�t + � by t. Theorem2 resumesthepreviousremarks.

Theorem 2. [Nesterov anddePalma,2000;Nesterov anddePalma,2003]
Thearc travel time t � and the arc �ow vector f � correspondto a traf�c assignmentat user
equilibrium(UE) if andonly if t � is a solutionof thefollowingproblem

(NdP-UE) max
t � �t

f
X

k2O D

dkTk(t) � ht � �t; ci g; (7)

andf � = c � s� , where s� is a vectorof optimaldual multipliers for theinequalityconstraints
t � �t in (7).

t1
SO= t1

UE= 1

21

f1= 0.5      f      2      =  0.5

1
2

-1
1

0.5

20.5

1

t 1
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UE in [1,2]   t         2 

            UE     = 2 t1
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     UE     >= 2
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1 -1
2

12

2

1

2
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demand11

-1 1 
1

1
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arc index

f1=1      f

Figure1: Non uniquenessof delays

Theexistenceanduniquenessof theSOandUE statesfor theNesterov & dePalmamodelis
a delicatequestion.It is obviousthataslong astheNdP-SOproblemis feasible,theSOstate
existsbut maybenotunique.Theexistenceof UE is morerestrictive. If theLagrangemultipli-
ersarenot uniquethedelaysand,hencethetravel times,cannot bedeterminedexactly. In this
casethemathematicalmodelindicatesthat thedistribution of thedriverson thetransportation
network is unstablewith respectto a smallchangeof thecapacityof theroads.In theexample
of Figure1 we have in (a) a situationwheredelaysareunique,andactuallyequalto zero. In
(b), sincetheupperroadis usedat its capacitylimit, thedelayon this roadis boundedby the
differenceof the free travel timesof both alternative routes. Finally in (c) we have the �o w
on bothroadsat capacitylimit andthus,the travel time of bothroadshave to beequalbut the
delaysmaybeunbounded.

In caseof unboundednessof delays,thereis at leastoneOD-pair having no otheralternative
route, suchthat any small decreaseof �o w capacitymake the NdP-SOprobleminfeasible.
One can show that it is enoughto �nd one single road a 2 A for which any reductionof
capacitymakesthe NdP-SOprobleminfeasiblefor having unboundeddelaysandvice versa,
seeRudyk,2007.
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3 Comparisonwith the BeckmannModel

In this section,we will �rst summarizethebasicpropertiesof theBeckmannmodelandthen
presentsomecomparisonsbetweenNesterov & dePalmaandBeckmannmodelbasedon nu-
mericalresults.

3.1 BeckmannModel

In theBeckmannmodel,oneassumesthat thetravel time for eacharca 2 A only dependson
the �o w on the arc andit is de�ned by a latency function la(�), which is convex, continuous,
nonnegative andnondecreasing.Moreover, thecapacityconstraintsaretaken into accountby
choosingla(�) suchthataviolationof thecapacityca is penalized.Notethatthisallowssolutions
wherethecapacityconstraintsareviolated.Thetotal travel timeof atraf�c assignment(f ; l(f ))
is de�ned by

P
a2A la(f a)f a. Undertheseassumptions,theSOis thesolutionof thefollowing

convex optimizationproblem

(B-SO) minf ;h
P

a2A f ala(f a)

s.t. f a =
P

k2O D hk
a 8 a 2 A

Ehk = � k 8 k 2 OD

hk � 0 8 k 2 OD

As in theNesterov & dePalmamodel,thisproblemcorrespondsto aminimumcostmulticom-
modity �o w problem.However, with anobjective functionthatmaybenon-linearandwithout
capacityconstraints.Typically usedlatency functionsaretheBPRfunctions(Bureauof Public
Road,1964)givenby

la(f a) := �ta(1 + �
f a

ca

�

); � ; � � 0; 8 a 2 A (8)

They penalizemoreor lesstheover�ow ontheroadsdependingonthevaluesof theparameters
� and� , seetheexamplein Figure2.

RecallthatPk denotesthesetof all pathsfor theOD-pair k. We denoteby hk
P 2 R the �o w

of OD-pair k alongpathP 2 Pk andnotethat the total �o w f a on roada 2 A canbe then
computedasfollows

f a =
X

k2O D

X

f P 2P k ;a2 P g

hk
P :

Thetravel time of a pathP giventhetotal �o w f is de�ned by lP (f ) =
P

a2 P la(f a): The�rst
Wardropprinciplein this context canbestatedasfollows:

Principle. [First Wardropprinciple,1952]Thetotal �ow, f � , satis�esthe�r stWardropprinci-
ple if andonly if

8 k 2 OD and8 P; Q 2 Pk such thathk
P

�
> 0 )

X

a2 P

la(f �
a ) �

X

a2 Q

la(f �
a ); (9)

i.e., only theshortestpathsareusedfor each OD-pair.
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Figure2: Typical latency functions,BPR,Bureauof PublicRoad,1964

Onecanshow thatcondition(9) correspondsto theoptimality conditionsof thefollowing con-
vex optimizationproblem(seeBeckmannetal., 1956andPatriksson,1994)

(B-UE) minf ;h
P

a2A

Rf a

0 la(x)dx

s.t. f a =
P

k2O D hk
a 8 a 2 A

Ehk = � k 8 k 2 OD

hk � 0 8 k 2 OD

Eachoptimalsolutionf � of theoptimizationproblemB-UE correspondsto atraf�c assignment,
(f � ; l (f � )) atUE for theBeckmannmodel.

TheUE andtheSOin this settingalwaysexist aslongastheset

f (hk)k2O D j Ehk = � k ; hk � 0 8 k 2 ODg

is nonempty, sincetheB-SOandB-UE problemsareconvex optimizationproblems.Theliter-
atureon methodsto solve the B-SOandthe B-UE is large. Seefor an overview the paperof
Boyceet al., 2005.In particular, Bar-Gera,2002,developsanorigin-basedalgorithmspecially
ef�cient for solving theUE problemwhenhighly accuratesolutionsfor small andlarge-scale
instancesarerequired.

Extensionsof the Beckmannmodel, whereadditionalconstraintsare considered,have also
beeninvestigated,LarssonandPatriksson,1999.However, they have not beendeeplystudied.
Mathematically, theUE with additionalconstraintsis formulatedasfollows
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(B-UEext) minf ;h
P

a2A

Rf a

0 la(x)dx

s.t. gi (f ) � 0 8i 2 I (additionalconstraints)

f a =
P

k2O D hk
a 8 a 2 A

Ehk = � k 8 k 2 OD

hk � 0 8 k 2 OD;

whereI is a subsetof indicesof arcs,nodesor OD pairs,andgi (f ) areadditionalconstraints
whichareassumedto beconvex andcontinuousdifferentialfunctions.Again,the�rst Wardrop
principlecorrespondsto theoptimalityconditionsof theconvex optimizationproblemB-UEext.
Thepath's travel timearein this settinggeneralizedasfollows

tP (f � ; � � ) =
X

a2 P

la(f �
a ) +

X

i 2I

� �
i

 
X

a2 P

@gi (f � )
@f a

!

; 8 P 2 Pk ; 8 k 2 OD;

wheref � is anoptimalsolutionof B-UEext and� � aretheLagrangemultiplierscorresponding
to theadditionalconstraints.Considerfor examplethespecialcaseof �o w capacityconstraints
on the roads,ga(f ) := f a � ca. For an optimal solutionf � andthe optimal Lagrangemulti-
pliers � � , the generalizedtravel time for eachroada 2 A is given by ta(f �

a ) = la(f �
a ) + � �

a .
This correspondsto theNesterov & dePalmamodelin thecaseof constantlatency functions,
la(f a) = �ta 8 a 2 A .

B-UEext is still a convex optimizationproblem.Thus,a solutionexistsaslongastheset

f (hk)k2O D j gi (f ) < 0 8i 2 I ; Ehk = � k ; hk � 0 8 k 2 ODg

is not empty. However, B-UEext is computationallymoredif�cult to solvesincetheadditional
constraintsareoftenbindingconstraints.Moreover, theexistenceof a UE is anontrivial ques-
tion asin Nesterov & dePalmamodel.Thenonuniquenessof thedualmultipliersmakesthat
thetravel timescannotbeexactlydetermined.

3.2 Numerical ComparisonBasedon Small-ScaleNetworks

Themodelsbasethe travel timeson differentassumptions.Therefore,a direct comparisonof
thetravel timesis not suitable.Instead,we studythe in�uence of themodels'assumptionson
thedrivers'distributiononthenetwork. In particular, weconsiderthesetof congestedroadsand
thenumberof pathsusedperOD-pair. In thissubsection,weinvestigatetwo smallinstancesof
thestatictraf�c assignmentproblem,namelytheSiouxFallsandtheAnaheimnetworks,which
canbe solved with high accuracy (10� 6) usingstandardsolvers. The main characteristicsof
thesetwo instancesareshown in Table1.

For theBeckmannmodel,threedifferentBPRfunctionsareused,BPRlow, middle,and,high
(seeEquation(8) andFigure2). For the extendedBeckmannmodel,we choosethe capacity
constraintsfor theroadsasadditionalconstraints.

First we investigatethesetof congestedroadsat SOandat UE for bothmodels.In Figures3
and4 thesesetsaredepictedfor theSiouxFallsnetwork. Theroadsat capacitylimit aredrawn
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Figure3: SiouxFalls - �o w distributionatSocialOptimum
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Figure4: SiouxFalls - �o w distributionatUserEquilibrium
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Instance Zones Nodes Roads OD-pairs
SiouxFalls 24 24 76 528
Anaheim 38 416 914 1'405

Table1: Characteristicsof thesmallnetworks

in yellow andthe roadswith over�ow aredrawn in red. We observe that thesetof congested
roadsprovidedby thesolutionof theNesterov & dePalmamodelcontainsthesetof congested
roadsprovidedby thesolutionsof theconsideredBeckmannandextendedBeckmannmodels
atSOaswell asatUE. Thesameresultscanbeobservedfor theAnaheimnetwork. Moreover,
asexpected,the �o w distribution deliveredby thesolutionsof theextendedBeckmannmodel
is closeto the�o w distributionobtainedby usingtheNesterov & dePalmamodel.Not surpris-
ingly, if the latency functionincreasesthepenaltyon theover�ow, theover�ow in thederived
traf�c assignmentis reduced(seeTables2 and3). However, it is interestingto remarkthatthe
latency functionwhichbestduplicatesthesolutionprovidedby theNesterov & dePalmamodel,
bothat SOandat UE, is theBPRfunctionwith thestandardparameters'values,� = 0:15and
� = 4. Thesevalueswerede�ned by theBureauof PublicRoad,1964.

Model SO UE
average(%) std(%) average(%) std(%)

Beckmann
BPRlow 108.5 2.1 116.4 2.8
BPRmedium 104 1.8 111.2 1.9
BPRhigh 102.7 4 109 2.1

Table2: SiouxFalls - averageover�ow atSOandatUE

Model SO UE
average(%) std(%) average(%) std(%)

Beckmann
BPRlow 106.7 5.6 122.7 9.7
BPRmedium 0 0 110 7.9
BPRhigh 0 0 103.9 7.7

Table3: Anaheim- averageover�ow atSOandatUE

In Tables4 and5, theaveragenumbersof pathsusedperOD-pairatSOandatUE by bothmod-
elsis summarized.We remarkthatthe�o w distributionderivedfrom theNesterov & dePalma
model(' 1 path/OD-pair) useslesspathsthanthe�o w distribution derivedby theBeckmann
models(' 1.4 paths/OD-pair). The additionof capacityconstraintson theBeckmannmodel
doesnotsigni�cantly in�uence thenumberof pathsused.

Fromour numericalresults,we observe that theNesterov & dePalmamodelgeneratestraf�c
assignmentswherethe�o w distribution is concentratedasmuchaspossible,whetherwe look
for a SO or a UE state. In contrast,but asexpectedfrom the Beckmannmodel,the morewe
penalizetheover�ow themorethe�o w is spreadoutover thenetwork.
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Model SO UE
Nesterov & dePalma 1.057 1.057

Beckmann
BPRlow 1.572 1.299
BPRmedium 1.458 1.439
BPRhigh 1.545 1.574

ExtendedBeckmann
BPRlow 1.598 1.598
BPRmedium 1.485 1.652
BPRhigh 1.545 1.598

Table4: SiouxFalls - averagenumberof usedpathsatSOandatUE

Model S0 UE
Nesterov & dePalma 1.004 1.004

Beckmann
BPRlow 1.357 1.277
BPRmedium 1.443 1.398
BPRhigh 1.458 1.440

ExtendedBeckmann
BPRlow 1.322 1.289
BPRmedium 1.443 1.403
BPRhigh 1.458 1.436

Table5: Anaheim- averagenumberof usedpathsatSOandatUE

Price of Anarchy

Asalreadymentionedin theintroduction,thepriceof anarchywas�rst introducedbyKoutsoupias
andPapadimitriou,1999,andit is de�ned astheratiobetweenthetotalutility atUE andatSO.
In our context, thetotal utility correspondsto thetotal travel time of a traf�c assignment(f ; t)
andis denotedby U(f ; t) =

P
a2A f ata. Thepriceof anarchyis thenformulatedasfollows

priceof anarchy=
U(f UE ; tUE )
U(f SO ; tSO)

;

where(f UE ; tUE ) correspondsto a traf�c assignmentat UE and(f SO; tSO) to a traf�c assign-
mentatSO.In ourcontext, anupperboundonthepriceof anarchyis arelativemeasureonhow
faraUE is off from abestpossiblenetwork utilization (SO).

Theexistenceof suchboundsfor theBeckmannmodelwithout additionalconstraintshasbeen
intensively investigatedin recentyears,seeRoughgardenandTardos,2000,Roughgardenand
Tardos,2004,Correaet al., 2004andreferencestherein. For example,Roughgarden,2003,
showsthatthepriceof anarchyis boundedby O( d

log d) whenthelatency functionis apolynomial
with nonnegative coef�cients anddegreeat mostd. Thus, the price of anarchyfor the BPR
functionsis boundedby O( �

log � ) (= 2 for � = 4).

For theNesterov & de Palmamodelaswell asfor theBeckmannmodelwith additionalcon-
straints,theexistenceof sucha boundis intrinsically relatedto theboundednessof thedelays,
i.e., theLagrangedualmultipliers. We reconsidernow theexamplein Figure1 (c). Usingthe
Nesterov & de Palmamodel,we get a total travel time at SO of 3

2 . The total travel time at
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UE is unboundedsinceany solutiondistributing half of the �o w on eacharc with the delays
� 1 = � 2 + 1, � 2 � 0, is a traf�c assignmentatUE. Thepriceof anarchyis then 2

3(1 + � 1). The
sameobservationcanbemadefor theextendedBeckmannmodel.

Eachcomputedprice of anarchygivesan informationon the utilization of the network. We
computetheprice of anarchyfor the traf�c assignmentsfor theSioux Falls andthe Anaheim
networks. Table6 summarizestheseresults.We observe that theNesterov & dePalmamodel
is morepessimisticthantheBeckmannmodel,evenif capacityconstraintsareexplicitly con-
sidered.Thedifferencefor theAnaheiminstanceis muchsmallercomparedto theSiouxFalls
instance,sincethe �rst doesnot correspondto a highly loadednetwork. In the Anaheimin-
stance,only 0.76% of theroadsareat capacitylimit for theNesterov & dePalmamodeland
0.66% for thepessimisticUE givenby theBeckmannmodel.

Model SiouxFalls Anaheim

Nesterov & dePalma 1.38 1.008

Beckmann
BPRlow 1.026 1.002
BPRmedium 1.039 1.006
BPRhigh 1.053 1.007

ExtendedBeckmann
BPRlow 1.003 1.002
BPRmedium 1.016 1.006
BPRhigh 1.025 1.008

Table6: Priceof Anarchy

BraessParadox

As alreadymentionedin the introduction,the Braessparadoxoccurswhenaddingmore re-
sourcesto atransportationnetwork, for exampleaddingaroador abridge,deterioratesthequal-
ity of a UE. In otherwords,moreresourcescreateworsedelaysfor thedrivers. Braess,1968,
wasthe �rst to point out this counter-intuitive fact by exhibiting a simpleexampleusingthe
Beckmannmodel. This phenomenoncanalsobe interpretedasfollows. Supposewe closea
roador we increaseits free travel time by decreasingthemaximalallowedspeedin this road.
If theutility, i.e., thetotal travel time,atUE decreasesthenweobservealsoaBraessparadox.

In the following we investigatenumericallythe detectionof Braessphenomenaon the Sioux
Fallsnetwork by thethreemodels.For thissakewe increasethefreetravel time for oneroadat
thetime andwe look for an improvementof thetotal travel time at UE. In Table7 therelative
improvementof thetotal travel time is givenfor thetestedroads.

We notethattheextendedBeckmannmodeldoesnot detectany Braessparadox.Road25 and
26 areseenasBraessroadsby the Nesterov & de Palmamodelaswell asby the Beckmann
modelbut only for latency functionBPRmediumandhigh. Road15and16areonly considered
asBraessroadsby theNesterov & dePalmamodel.Thesameobservationcanbemadefor the
Anaheimnetwork.

The Braessparadoxis intrinsically tied to the demandsof the OD-pairs. After reducingthe
demandsof all OD-pairsby 30 %, neithertheNesterov & dePalmamodelnor theBeckmann
model detectsa Braessparadox. From our numericalresults,we note that the detectionof
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Road Nesterov & Beckmann ExtendBeckmann
dePalma BPRlow BPRmedium BPRhigh BPRlow BPRmedium BPRhigh

15 2.02 - - - - - -
16 2.02 - - - - - -
25 3.52 - 1.19 1.36 - - -
26 3.52 - 1.19 1.36 - - -

Table7: SiouxFalls - BraessParadox

theBraessParadoxfor theBeckmannmodeldependsasexpectedon thechoiceof the latency
function.

3.3 Numerical ComparisonBasedon Lar ge-ScaleNetworks

In theprevioussubsection,theinstancesconsideredweresmallenoughto besolvedwith very
high accuracy by standardsolvers(e.g. CPLEX, MOSEK). Now we focuson large scalein-
stancesarisingfrom realworld problems,which cannotbehandledby thesesolversanymore,
mainly due to memoryrequirements.Therefore,we comparethe traf�c assignmentsat UE
generatedby bothmodelsusingapproximatemethodsrequiringlesscomputationaleffort.

For theBeckmannmodel,we concentrateon themodelwithout additionalconstraints,B-UE,
which is mostusedin practice,andapplythesoftwareVISUM, 2006.Themethodusedby this
softwareis dividedinto two phases.In the�rst phase,successiveshortestpathassignmentsare
made. At eachiteration,a part of eachOD-pair's demandis assignendto oneof its current
shortestpathsandthenthetravel time of eacharcis updated.In thesecondphase,the�o w for
eachOD-pair is balancedamongthealreadyassignedpathsuntil thetravel timeof eachpathis
approximatelythesame,i.e.,until equilibrium.

For the Nesterov & de Palma model, we implementan algorithm basedon the primal-dual
subgradienttechniquesdevelopedby Nesterov, 2005.Weapplythesetechniquesto theNdP-UE
problem,i.e., we approximatethe travel time t. Contraryto traditionalsubgradientmethods,
the information given by the subgradientsis kept during all iterations. In our context, this
correspondsto theshortestpathsfor eachOD-pairgiventhecurrenttravel timeapproximation
andthusthepathswherethedriverswill beassignendby thealgorithm's iterations.

As alreadymentioned,theinstancesthatwearegoingto studyarisefrom realworld problems.
WeconsideranareaaroundZurich,Switzerland,suchthateachOD-paircanbereachedwithin
onehour approximately. Then,we choosedifferentonehour periodsduring the day to have
differentdemands.Table8 summarizesthemaincharacteristicsof ZurichRegional.Thesedata
aswell astheparametervaluesof theBPRlatency functionwereprovidedby Bundesamtfür
Raumentwicklung(ARE), 2005. In Figure5 the devision of the Zurich Regional network in
zonesis depicted.

SincethesoftwareVISUM cannotcomputeSOstates,we focusin this subsectionon thestudy
of the UE. The stoppingcriterion of the methodin VISUM is the relative differenceof the
travel timesof thepathsusedper OD-pair. We setit to 5%. For theprimal-dualsubgradient
algorithm, we chooseas stoppingcriteria a relative gap of 0.005 to optimal solution of the
NdP-UEproblem.
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Zones Nodes Roads
Zurich Regional 784 7'009 16'936

OD-pairs Total Demand
00:00- 01:00 253'705 7'559.74
07:00- 08:00 433'504 231'255.02
08:00- 09:00 437'803 127'922.89
12:00- 13:00 369'449 176'222.85
17:00- 18:00 443'622 252'871.96
18:00- 19:00 439'660 175'669.58

Table8: Characteristicsof ZurichRegionalnetwork, Bundesamtfür Raumentwicklung(ARE)

Figure5: Zurich Regional- zones

17



SwissTransportResearchConference September12 - 14,2007

In Figures6 and7 we observe that the setof congestedarcsat the Nesterov & de PalmaUE
containsthesetof congestedarcsattheBeckmannUE.However, Table9 showsthattheaverage
congestion(over�ow) is higherfor the Beckmanntraf�c assignmentthanfor the Nesterov &
dePalmatraf�c assignment.Recallthatover�ow cannothappenin theNesterov & de Palma
model.Theover�ow observedin Table9 is dueto thefactthatweareapproximatelycomputing
thetraf�c assignmentatUE.

Nesterov & dePalma Beckmann
Numberof Average Numberof Average

CongestedArcs (%) Congestion(%) CongestedArcs (%) Congestion(%)

00:00- 01:00 0 0 0 0
07:00- 08:00 1.25 102.65 0.74 114.31
08:00- 09:00 0.12 100.65 0.01 104.76
12:00- 13:00 0.08 100.74 0.02 105.68
17:00- 18:00 0.89 102.17 0.41 112.23
18:00- 19:00 0.27 100.75 0.05 103.84

Table9: ZurichRegional- numberof congestedarcsandaveragecongestion(over�ow) atUE

Nesterov & dePalmamodel Beckmannmodel

12:00- 13:00

congested  road

unused  road

overflow

not congested road

Figure6: Zurich Regional- �o w distributionatUserEquilibrium
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Nesterov & dePalmamodel Beckmannmodel

17:00- 18:00

18:00- 19:00

congested  road

unused  road

overflow

not congested road

Figure7: Zurich Regional- �o w distributionatUserEquilibrium
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Figure8 shows thedifferencein thedistribution of the total �o w. We remarkthat thefraction
of arcswith more�o w in theNesterov & de Palmaassignment(in orange)is biggerthanthe
fractionof arcswith more�o w in theBeckmannassignment(in red).

Beckmann +

Beckmann = Nesterov & de Palma

Nesterov &  de Palma +

12:00- 13:00

17:00- 18:00 18:00- 19:00

Figure8: Zurich Regional- �o w differenceatUserEquilibrium
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Nesterov & dePalma Beckmann
AverageNumber MaximalRelative AverageNumber MaximalRelative

of Paths Travel Time of Paths Travel Time
perOD-pair Difference perOD-pair Difference

00:00- 01:00 1 0 1.076 < 0.05
07:00- 08:00 13.299 0.24 1.401 < 0.05
08:00- 09:00 1.137 0.06 1.207 < 0.05
12:00- 13:00 1.057 0.04 1.162 < 0.05
17:00- 18:00 2.138 0.15 1.329 < 0.05
18:00- 19:00 1.320 0.06 1.264 < 0.05

Table10: ZurichRegional- averagenumberof pathsusedatUEandmaximalrelativedifference
of their travel times

Finally, we considerthe averagenumberof pathsusedper OD-pair and the quality of the
correspondingUE, i.e., theaccuracy of thetravel timesof theusedpaths,seeTable10. For the
Beckmannassignmentweknow thattherelativedifferencein thetravel timesof theusedpaths
is at most 5% (stoppingcriterion). For the Nesterov & de Palma model, the corresponding
valuesareshown in the table. Most are larger than5%. Consideringthe averagenumberof
pathsusedat UE, we observe that for instanceswith low OD-pair demands(00:00- 01:00,
12:00-13:00),thedriversarelessspreadout in theNesterov & dePalmasolutionthanin the
Beckmannsolution. However, for instanceswith high OD-pair demandsthis is not the case.
This is mainly dueto theappliedmethod.In theprimal-dualsubgradientmethodwe keepall
theinformationof theshortestpathscomputedat eachiterationof thealgorithmanddistribute
thedriverson thesepathsin theend. Theinstanceswith smallOD-pair demandsonly needa
few iterationsto reachasolutionwith highaccuracy (relativegap).

4 Summary and Outlook

We compareda new modelingapproachfor thestatictraf�c assignmentproblem,theNesterov
& dePalmamodel,with thewell-establishedBeckmannmodel,andanextensionof theBeck-
mannmodel.

Theexistenceof asocialoptimum(SO)is ensuredfor bothmodelsunderminimalrequirements.
Theexistenceof a userequilibrium(UE) is alsoeasilyensuredfor theBeckmannmodel,but it
is morerestrictive for theNesterov & dePalmaandtheextendedBeckmannmodel.Thelatter
two modelsuseminimum costmulticommodity�o w problemswith capacityconstraintsand
the correspondingLagrangedual multipliers for de�ning a UE. Therefore,the existenceof a
UE andits uniquenessareintrinsically tied to theexistenceof theLagrangedualmultipliers.

In theNesterov & dePalmamodel,duality theoryyieldsthat the�o w patternsareequalat SO
andatUE andthatthetravel timesdiffer exactlyby theLagrangedualmultipliers.Thisduality
relationprovidesa naturalway to offer an incentive to sel�sh driversto reachtheSO.On the
otherhand,with the Beckmannandthe extendedBeckmannmodel,traf�c managersneedto
adjusttheparametersof thelatency functionto achieve thesameresult.

As thetravel timesof themodelsarebasedondifferentassumptions,wedid notcomparethem
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directly. Insteadwe focusedon a computationalcomparisonof the�o w distributionat UE and
at SOgeneratedby themodels.Both for smallandlargescaleinstanceswe observedthat the
setof congestedroadsin theNesterov & dePalmamodelincludesthesetof congestedroadsin
theBeckmannmodel.For thesmall instancesthedriversarelessspreadout in theNesterov &
dePalmamodelthanin theBeckmannmodel. For the large instanceswith high total demand
thedriversaremorespreadout in theNesterov & dePalmamodelthanin theBeckmannmodel.

At themomentourresultsdonotenableusto decidewhichmodelbetterpredictstherealtraf�c
�o w. In orderto answerthis questionwe needto do a comparisonwith realdatafrom traf�c
counters.A comprehensive investigationof theextendedBeckmannmodel,usinglarge scale
instances,shouldalsobedoneto clarify thedifferenceto theNesterov & dePalmamodel.
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