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Abstract

We introduce a unified modeling and solution framework for various classes of rich vehicle and inventory
routing problems as well as other probability-based routing problems with a time-horizon dimension.
Demand is assumed to be stochastic and non-stationary, and is forecast using any forecasting model that
provides expected demands over the planning horizon, with error terms from any empirical distribution.
We discuss possible applications to various problems from the literature and practice: from health care,
waste collection, and maritime inventory routing, to routing problems based on event probabilities,
such as facility maintenance where the breakdown probability of a facility increases with time. We
provide a detailed discussion on the effects of the stochastic dimension on modeling and the solution
methodology. We develop a mixed integer non-linear model, provide examples of how it can be reduced
and adapted to specific problem classes, and demonstrate that probability-based routing problems over a
planning horizon can be seen through the lens of inventory routing. The optimization methodology is
heuristic, based on Adaptive Large Neighborhood Search. The case study is based on waste collection
and facility maintenance instances derived from real data. We analyze the cost benefits of open tours
and the availability of better forecasting methodologies. We demonstrate that relaxing the distributional
assumptions on the error terms and calculating probabilities using simulation information has only a
minor impact on computation time. Simulating the error terms on the final solution further allows us to
verify the low level of occurrence of undesirable events, such as stock-outs, overflows or breakdowns,
with a moderate impact on the routing cost compared to alternative realistic policies. What is more,
simulating the objective of the final solution shows that it is an excellent representation of the real cost.

Keywords
unified framework, stochastic demand, forecasting, inventory policies, inventory routing, vehicle routing,

probability-based routing
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1 Introduction

In this work, we develop a generalized framework for various classes of rich stochastic vehicle and
inventory routing problems as well as other probability-based routing problems with a time-horizon
dimension. The logistic setting includes a heterogeneous fixed fleet to service demand points from supply
points in a distribution, collection, or other context. Vehicles can perform open tours with multiple supply
point visits per tour when and as needed. One can have time windows, maximum tour durations, visit
periodicities and various other practically relevant constraints. The proposed framework can be applied to
many classical types of routing problems that appear in the literature, such as the vehicle routing problem
(VRP), the inventory routing problem (IRP), the periodic VRP, the pickup and delivery problem, routing

problems based on event probabilities, etc., subject to various operational and decision policies.

In the literature on routing problems, there are three main types of stochastic parameters: stochastic

demands, stochastic customers, and stochastic travel and service times, with the first one being the most

only probabilistically, and we assume knowledge of the parameters defining the demand distribution.

Stochastic customers are not known in advance, but there is a probability associated with the existence of

times account for the impact on travel times of random events such as road accidents. It is important to

distinguish between stochastic travel times and time-dependent travel times, the latter being deterministic

customer. In our framework, we consider stochastic demands where demand points are known in advance,
but their demands over the planning horizon are uncertain. Demands over the planning horizon can be
non-stationary and are forecast using any model that provides point forecasts, with error terms from
any empirical distribution that can be simulated. Demand uncertainty may lead to the occurrence of

undesirable events which, depending on the context, can be stock-outs, overflows, breakdowns, etc.

Various techniques for modeling uncertainty exist in the literature. Scenario sampling and stochastic

modeling based on Markov decision processes both lead to problems that suffer from the curse of

solutions that remain feasible under the worst case scenario for a given budget of uncertainty. This
approach is distribution-free as for each parameter it only needs a nominal value and a symmetric interval

in which the parameter can vary. It relies on specific reformulations depending on whether parameter

constrained approaches guarantee that a constraint will be satisfied with a certain probability. They

are appropriate if uncertainty appears row-wise and have been used to model route failures in vehicle
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constraints can be linearized under certain conditions, the set of phenomena they can model is rather
limited. Moreover, both robust optimization and chance constrained approaches have a clear risk-aversion
bias shifting the treatment of uncertainty to the constraints. They also leave open the question of how to

define the budget of uncertainty or the distribution percentile for the chance.

Our first contribution is in consolidating the treatment of demand uncertainty to intuitively capture
the cost dimension of undesirable events. Often these have to be paid for. For example, in a vendor
managed inventory setting, a stock-out at a customer may result in a penalty for the supplier due to a
service level agreement. In a waste collection problem, the municipality may charge the collector for
a container overflow. Given that these costs are known upfront, the main benefit of our framework is
that there are no tunable parameters with respect to uncertainty. The cost effect of uncertainty takes
part in the objective function, thus minimizing the risk, including its cost impact in the decision process,
and weighting it with respect to the rest of the cost components. Taking a small risk may sometimes be
beneficial if it significantly reduces other cost components. It is important to note that in our framework
the undesirable events are not unrecoverable disasters. They have a monetary aspect and their occurrence
should be able to be minimized to a reasonable level. Their states are frequently revisited, unlike
what is usually the case in robust optimization. That is, in a good solution these are rare events. The
framework is not appropriate for frequently occurring undesirable events. Such should be modeled using
alternative approaches. The reason for this is that, due to the complex propagation of uncertainty in our
framework, the objective function becomes more conservative with growing probabilities of occurrence

of the undesirable events.

Our second contribution is in the computational tractability of our modeling framework. The probabilistic
information that we use in the treatment of uncertainty can largely be pre-computed, and thus allows us
to relax the distributional assumptions on the random variables. We provide a detailed discussion on the
effects of the stochastic dimension on modeling and the solution methodology. Our final contribution is
in the generality of the approach. We discuss possible applications to various problems from the literature
and practice: from health care, waste collection, and maritime inventory routing, to routing problems
based on event probabilities, such as facility maintenance where the breakdown probability of a facility
increases with time. We develop a mixed integer non-linear model, provide examples of how it can be
reduced and adapted to specific problem classes, and demonstrate that probability-based routing problems

over a planning horizon can be seen through the lens of inventory routing.

The optimization methodology is heuristic, based on Adaptive Large Neighborhood Search (ALNS)
with operators specifically designed to capture the complex logistic setting as well as the stochastic
demand element. The ALNS exhibits excellent performance on benchmark instances and instances
derived from real data. The case study is based on waste collection and facility maintenance instances
derived from real data. We analyze the cost benefits of open tours and the availability of better forecasting
methodologies. We demonstrate that relaxing the distributional assumptions on the error terms and
calculating probabilities using simulation information has only a minor impact on computation time.
Simulating the error terms on the final solution further allows us to verify the low level of occurrence of
undesirable events, such as stock-outs, overflows or breakdowns, with a moderate impact on the routing
cost compared to alternative realistic policies. What is more, simulating the objective of the final solution

shows that it is an excellent representation of the real cost.
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literature on rich routing problems and several specific application areas, such as waste collection,

health care, and maritime routing problems, with a specific focus on problems with stochastic demands.

directions.

2 Related Literature

This section offers a literature review of various stochastic problem types that can be modeled using the

and going through several specific and pertinent application areas.

2.1 Rich Vehicle and Inventory Routing Problems

Rich vehicle routing problems are multi-constrained routing problems that extend the classical capacitated

of rich VRPs.

Our framework considers a routing problem with a variety of rich VRP features, in particular intermediate
facilities, a heterogeneous fixed fleet, and multiple depots with the flexibility of open tours. While the

multi-depot and open VRP have been studied for a long time, most of the literature on the VRP with

was the subject of intensive study in the following decade, with state-of-the-art exact algorithms due to
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ending at a different depot than the origin depot could lead to significant cost savings.

Rich routing problems often include an uncertainty component. In dynamic routing problems, parameters

are partly unknown and gradually revealed with time. In dynamic and stochastic routing problems, we

of the art of the a priori and the re-optimization paradigm for stochastic routing problems, the two
being the predominantly used paradigms by researchers. Although multi-constrained inventory routing
problems with real-world features have recently begun to appear in the literature, the term rich IRP has
not established itself as in the case of the VRP. The sections below provide a survey of various rich

vehicle and inventory routing problems. The focus is on stochastic problems from several application

1.e stochastic demands, stochastic customers, and stochastic travel and service times. As the last two
types are out of the scope of this research, we focus our review on stochastic demand problems. We

note, however, that workload balancing and the continuity of service are two features that often appear

spoilage. To balance delivery and spoilage costs, they limit the probability of spoilage to 5% by sampling
product usage during the spoilage period and taking the 5% quantile as the maximum inventory level
at the hospital. To guard against product shortage, the authors develop a two-stage stochastic program

with recourse. The setup assumes that at the beginning of each day information about the inventory of

each hospital is available. The MILP and VNS approaches of Hemmelmayr et al.: (2009) are extended to
handle stochastic product usage, in both cases using external sampling to convert the two-stage stochastic

optimization problem into a deterministic one. The simulation experiments show that employing a simple

homes. Both authors apply fuzzy programming approaches to the problem and report the value added of

incorporating uncertainty into the model.

2.3 Waste Collection Routing Problems

dynamic collection policies in Malmo, Sweden and a study area in the Netherlands, respectively, where
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describe a stochastic waste collection inventory routing problem over a finite planning horizon. Waste
containers are equipped with sensors that communicate their levels on each day. A forecasting model
produces point demand forecasts and estimates a forecasting error, which is used for calculating the
probability of container overflows and route failures. The authors propose a mixed integer non-linear
model and develop an ALNS, which exhibits excellent performance on benchmark instances. It also
performs significantly better compared to alternative policies on real instances from Geneva, Switzerland

in its ability to limit the occurrence of container overflows for the same routing cost.

2.4 Maritime Routing Problems

The maritime inventory routing problem (MIRP) or the inventory ship routing problem is the application

important differences between maritime and road-based IRPs. The classical road-based IRP assumes a
central depot, which is not necessarily the case in maritime transportation. In the maritime setting, vessels
typically travel long distances round the clock. With the addition of the time consuming port operations,
the planning horizon becomes much longer. Finally, in maritime transportation vessels usually visit very
few ports in succession (two or three), unlike in road-based transportation where vehicles visit dozens of

customers.

inventory management. They integrate discrete event simulation and stochastic optimal control. The
optimal control problem is formulated as a Markov decision process that incorporates travel time and
demand uncertainty. To overcome the computational burden, approximate methods based on dynamic

programming are used to determine near-optimal control policies that minimize the expected total cost.

deployment problem under demand and charter cost uncertainty, which determines the fleet size, mix,
and deployment strategy to satisfy stochastic demands over the planning horizon. The authors introduce a

multi-stage stochastic programming look-ahead model, solve it in a rolling horizon fashion, and explore
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the impact of different scenario trees with different recourse functions.

tracking over a planning horizon but no explicit routing. They develop a two-stage stochastic linear model

to address uncertainties related to the LNG demand and spot prices. The objective is the minimization of

inventory level constraints. They propose and test various robustness strategies with respect to travel

times and daily LNG production rates.

2.5 Discussion

What becomes evident from the literature is that we are far from having a unified approach for modeling
stochasticity and evaluating the produced solutions. Authors treat different stochastic parameters, impose
different simplifying assumptions on them, and model them using a variety of approaches, with or without
explicit recourse policies and penalties for the occurrence of undesirable events. In this work, we propose
a unified modeling and solution approach for rich vehicle and inventory routing problems. It provides a
common language for describing and modeling routing problems with stochastic demands and imposes
very few distributional assumptions. The approach distinguishes itself through several unifying features,
namely 1) the applicability to various types of rich routing problem, including VRP and IRP, 2) the
minimization of the occurrence of rare undesirable events, such as stock-outs, overflows, breakdowns
and route failures, 3) the presence of recourse policies, 4) the integration of realistic demand forecasting,
5) and the intuitive evaluation of the produced solution through simulation. Simulation is used to both
measure the frequency of occurrence of undesirable events in the final solution and to evaluate how close

it is to the real cost.

3 General Setting and Concepts

The general setting in which the framework is developed includes depots, supply points and demand
points. The problem is solved in a context, which can be distribution, collection, or other. While the term
supply point is suggestive of a distribution context, supply points can be used in any context. In particular,
they can be thought of as supplying empty space in a collection context. Vehicles execute fours that can
visit multiple supply and demand points. Demand point sequences between two supply point visits are
called trips, and a trip may belong to two different tours. Tours originate and terminate at depots. The

origin and destination depot may be different, and they may ot may not coincide geographically with the

after the origin depot, performs three trips and terminates its tour at a destination depot different from the

origin depot. Trip 3 in the figure continues in the next tour until the first supply point visit. The routing

The problem is solved for a single period or for a sequence of periods forming a planning horizon. In
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Figure 1: Example of a vehicle tour in a distribution context
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each period, each demand point exhibits stochastic demand, which can be non-stationary. It is important

readlly avallable and stralghtforward to estimate. Demand is forecast using a forecasting model. In our
framework, we can use any forecasting model that provides point forecasts, i.e. expected demands for
each demand point over the planning horizon, and a distribution of the forecasting error, which can be
derived by applying the model on historical data. The distribution does not need to be theoretical. The
only requirement is that we should be able to simulate it. Therefore, an empirical distribution is also

eligible as we can sample from it. The forecasting model, with the details and assumptions behind it, is

In the presence of a multi-period planning horizon, there is the need for inventory tracking at the demand
points. In a distribution context, demand reduces the inventory with time, while in a collection context
it contributes to it. Inventory is also affected by the deliveries or collections, depending on context.
Inventory updates occur at discrete points in time, in the beginning of each period, incorporating the
demands and visits of the previous period. That is, inventory at the start of period ¢ is a function of the
inventory in period ¢ — 1, the demand in period ¢ — 1 and the quantity delivered to, or collected from,
the demand point in period ¢ — 1. In addition, for a period ¢, the sequence of actions is 1) inventory
update, 2) delivery/collection, 3) demand realization. That is, at delivery/collection in period ¢, the

expected inventory does not incorporate the demand in period ¢. The sequence of actions is formalized in

Demand stochasticity may lead to the occurrence of undesirable events, which depending on the context
can be stock-outs, overflows, or other. A stock-out event occurs in a distribution context and signifies
an event in which the demand point stocked out due to higher than expected demands. An overflow
event is the counterpart in a collection context. Using the forecasting error distribution, we can calculate
the probability of each demand point being in a given state for each period in the planning horizon.
We consider two possible states, one being the undesirable event and the other being the alternative.
For certain problems the state probabilities can be exogenously determined with an event probability

function rather than computed using the output of the forecasting model. We refer to these problems as
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Each demand point has an inventory capacity and vehicles deliver or collect according to an inventory
policy. The two policies we consider are the order-up-to (OU) level policy and the maximum level (ML).
The former delivers up to inventory capacity in a distribution context and collects the full inventory
in a collection context. Under the latter, the delivery or collection amount is part of the decisions.
Undesirable events are not only linked to demand points. Stochastic demands can also lead to route
failures, which occur if the vehicle runs out of capacity before reaching the next scheduled visit to a supply
point due to higher than expected demands. A recourse policy is used to escape from an undesirable
event. The recourse can be a high-cost emergency delivery or collection for a stock-out or an overflow,
or an emergency visit to a supply point for a route failure. Moreover, for demand points we apply a

single-period back-order limit, meaning that the recourse policy should be applied during the period

in which the undesirable event occurs. Undesirable events, states and their probabilities, and recourse

Finally, the framework is applied in a rolling horizon fashion. That is, the problem is solved for the
planning horizon, the decisions in period ¢ = 0 are implemented, after which the horizon is rolled over
by a period. This approach protects against myopic decisions, as considering more information over a
planning horizon, including stochastic information, helps making better informed decisions now. And, by

rolling over, we gradually include more of the future uncertainty.

4 Dealing with the Stochastic Dimension

Our framework considers stochastic demands with all other parameters being fully deterministic. Here

we discuss in detail how various aspects of demand stochasticity are defined, pre-processed, used and

OU inventory policy.

4.1 Forecasting

Given a set of demand points ¥ and a planning horizon 7~ = {0, ..., u}, let p;; denote the stochastic demand

of point i in period . We decompose p;; as:

pir = E(oir) + &ir, (1)
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where [E (p;;) is the expected demand and g;; is the stochastic error component.

. . . jid .
Assumption 1. The stochastic error component of demand is modeled as €; L D(w), where @ is a
vector of parameters defining the distribution. The distribution D(@) may be any theoretical or empirical

distribution.

Justification. Starting with the second part, our modeling framework remains general, as the choice of

probability distribution D(w) is not restricted. Regarding independence, it is a simplifying assumption

case is that it is imposed on the error component &;;, rather than directly on the demands p;;. Correlation
may be captured partially or to a good extent by the expected demands E (p;;) through the use of a

forecasting model that includes the appropriate factors. In fact, decomposing demand into a common and

way to reduce the gap between theory and practice.

Definition 1. A forecasting model provides the expected demands E (p;;) ,Yi € P,t € T and the distribu-

tion D(w) of the forecasting error component.

4.2 Demand Point States and Probabilities

Let us assume, for the sake of presentation, a problem in a distribution context, where o;; = 1 denotes
that demand point i is in a state of stock-out in period ¢, while o;; = 0 denotes otherwise. Given a set of
vehicles K, a regular delivery to a demand point is one which is executed by a vehicle k € K. Contrarily,
an emergency delivery occurs when the demand point is in a state o, = 1 and when there is no vehicle
k € K that visits demand point i in period . An emergency delivery to demand point i incurs a high cost

;i and always brings the inventory level at the demand point to its capacity w;.

point i with initial inventory /;o on day 0. Denote by A;g the inventory after delivery, which for the sake of

the example is such that demand point i is in state oj0 = 0 on day 0. If there are no regular deliveries to the

observe that all branches starting from a state o;; = 0 involve the calculation of conditional probabilities,
while those starting from a state o; = 1 involve unconditional probabilities because the inventory is
set to capacity by the emergency delivery. For our problem, we are only interested in the probability
of stock-out, i.e. of being in a state o;; = 1. For period ¢ = 0, this is either O or 1, depending on the
initial state, while for all other periods it is obtained by successively multiplying the branch probabilities.
Regular deliveries require starting new probability trees. For a demand point Z, given a regular delivery
in period g, the stock-out probability in period g is calculated on the tree with root in the period of the
previous regular delivery, or in period O if there was no previous regular delivery. On the other hand, the
stock-out probability in periods g + 1 and later are calculated on the tree started in period g, with the

inventory after delivery denoted by Ajq.
Definition 2. [y is the initial inventory of demand point i. It is observed and known with certainty.

Definition 3. The sequence of actions in any period t is: 1) update of inventory I;; of demand point i in

period t with demand pj;—1), 2) regular delivery leading to inventory after delivery A;;, and 3) realization
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Figure 2: State probability tree for a demand point without regular deliveries
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of demand py. In other words, regular deliveries in period t take place before the realization of the

demand in period t.

Assumption 2. A regular delivery to demand point i in period t sets its inventory after delivery A;

according to expectation, i.e. A\ is known with certainty.

Justification. Under an OU policy, this is always the case. Since A;; = w;, the delivery amount up to w;

expected delivery amounts. On the other hand, under an ML policy, the delivery amount may turn out to
be negative. In other words, at delivery the realized inventory may be higher than the chosen value of A;;.
In this case, a delivery will not be performed. Consequently, under an ML policy this assumption leads to

an over-estimation of the real cost.

Consider a tree rooted in period g € 7. If g = 0 and there is no regular delivery in g = 0, then the
inventory after delivery Ajo = Ij. Using the stochastic demand decomposition formula (1), the exhaustive

list of stock-out probabilities is given by:

¢ The unconditional probability of stock-out at the root node:

P(Aig = pig < 0) = P (s5 > Aig — E(pig))- )

10
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e The unconditional probabilities of stock-out at emergency deliveries, a special case of (2):

IP’(a)i — pig < 0) = ]P(aig/ > w; — ]E(p,'gf)), Yg' > g. 3)
e The conditional probabilities of stock-out starting from the root node:
h h=1
P(Aig_zpit<0 Aig—zpi,>0]:
t=g =g

h h h
:P(Zsi,EA,’g—ZE(pn) Zgiz<Aig_ZE(Piz)
t=g =g

-1
=g =g

“

h—1
, Yh>g.

e The conditional probabilities of stock-out starting from emergency deliveries, a special case of (4):

t=g’ t=g’
h h h-1 h—1 3)
= P[an > wi— ) Elpi) | ) e <w —ZE(M], Vh>g > g
t=g’ t=g’ t=g’ t=g’

Proposition 1. Under an OU policy in a distribution context, the stock-out probabilities for demand

point i can be pre-computed for all t € T.

Proof. Consider the unconditional and conditional probabilities (2)—(5) for a tree rooted in period g.

collection can be thought of as the distribution of empty space. Here we present and prove the following

proposition.

Proposition 2. The calculation of the overflow probabilities in a collection context is identical to the

calculation of the stock-out probabilities in a distribution context.

Proof. Redefine A;q as the inventory after collection of demand point i in period g. The unconditional

probability of overflow of demand point i with a regular collection in period g is expressed as:

P(Aig + pig > wi) = P(eig > wi = Aig — E (pig)). (©6)

11
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the last expression being logically equivalent to expression (2), up to the value of the right-hand side. The

conditional probability of overflow of demand point i with a regular collection in period g is expressed as:

h h-1
P(Aig + Zpiz 2> wi | Njg + Zpit < wi] =

=g =g

h h h—1 h—-1 (7)
]P’(Z &ir 2 wi — Nig — ZE(pit) Zsiz <wi—Ajg - ZE(Pit)], Yh>g,
=g =g =g =g

the last expression being logically equivalent to expression (4), up to the value of the right-hand side.
The equivalence with respect to the unconditional and conditional probabilities of overflow starting from

emergency collections follows as they are special cases of (6) and (7). |

Corollary 1. Under an OU policy in a collection context, the overflow probabilities for demand point i
can be pre-computed for all t € T .

4.4 Pre-computing the Demand Point Probabilities

The calculation of the conditional probabilities of stock-out or overflow involves the summation of
random variables. Thus, numerical evaluation is restricted to distributions D(@) for which the distribution
of sums of random variables, e.g. as they appear in formulas (4) and (7), is defined. In such circumstances,

stochastic routing problems tend to use distributions that adhere to the simple convolution property,

probabilities for a generalized forecasting error distribution D(w).

To calculate the stock-out probabilities of any demand point i, we construct a matrix Epsxjq| with M rows
and |77| columns. The number of columns represents the number of periods |7 in the planning horizon.
The number of rows M should be sufficient to ensure the satisfactory precision of the probabilities. An

element of the matrix E is defined as:

J
emj= ) g ®)

=1

og

where g;, is randomly drawn from D(w). Thus, each row of the matrix E contains sums of error
realizations, where the number of summed errors corresponds to the column index. Consider a distribution
context, in which the general case of the unconditional stock-out probabilities is represented by formula
(2) Since Aj, and E(p;,) are known, all we need to do in order to obtain the required probability is count
the number of rows in column 1 of the matrix E that satisfy the condition £;g > Aj, — E (p[-g), and divide
that number by M. The calculation of the conditional probabilities is slightly more involved. Formula (4)

can be rewritten as:

P(Z?:g gir 2 Nig = D1 B (oir) , D1y 6t < Nig = 2y E (Pit))
P(Z?:_g] gir < Nig — X1y E(pit))

» Vh>g- ©)

To calculate the probability in the numerator, we count the number of rows of the matrix E for which

12



A general framework for routing problems with stochastic demands May 2017

column % — g satisfies the second condition and at the same time column 4 — g + 1 satisfies the first
condition, and divide thus number by M. To calculate the probability in the denominator, we count the
number of rows in column /4 — g that satisfy the condition, and divide this number by M. The ratio gives
the required conditional probability. Using this procedure, all stock-out probabilities can be completely

pre-computed.

across time. In particular, only one matrix E needs to be constructed for all demand points. Given
formulas (2)—(5), for each demand point the number of probabilities to calculate depends polynomially
on the number of periods in the planning horizon. The complexity of calculating each probability is
linear with the number of rows M. For a realistic problem size, the time it takes to pre-compute these
probabilities is immaterial. In particular, for 250 demand points over a seven-period planning horizon, all

probabilities can be pre-computed in less than a minute using a matrix E with M = 100, 000 rows.

4.5 Maximum Level Inventory Policy

As already hinted in Section 3, the ML inventory policy is applicable to a wide array of problems.
However, under this policy the values of A;¢, which are the inventories after delivery/collection of demand
point i in period g, are not known in advance and therefore the stock-out/overflow probabilities cannot
be precomputed for the planning horizon. Calculating the probabilities dynamically during runtime is

computationally inefficient, especially if that requires simulation. A compromise may be a discretized

chosen from a set of discrete (perhaps equally spaced) values. For all practical purposes, the emergency
deliveries/collections should still apply an OU policy, otherwise the combinatorial dimension becomes

intractable.

Proposition 3. Under a discretized ML policy, the stock-out probabilities in a distribution context and
the overflow probabilities in a collection context for demand point i can be pre-computed for all t € T.

Moreover, the number of probabilities to pre-compute grows linearly with the number discrete levels.

probabilities (2)—(5) are calculated for A;, = w;. For the discretized ML policy, this set of probabilities
is calculated for all A;e € £;, where L; is the set of discrete levels for demand point i. For all practical

purposes, w; € L;. Thus, the OU policy is a special case of the discretized ML policy. Given a

Figure 3: Level discretization for a demand point
Discrete level 3

13
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finite set £;, the stock-out probabilities in a distribution context can thus be pre-computed. Applying

‘Corollary 1:in the same way, it follows that the overflow probabilities in a collection context can also

probabilities are independent of those of the trees earlier or later in the planning horizon. Thus, the
number of probabilities to pre-compute in a discretized ML policy grows linearly with the cardinality of

the set £; for each demand point . O

5 Mathematical Formulation

Consider the previously introduced heterogeneous fixed fleet K and planning horizon 7~ = {0, . .., u}. For
each vehicle k € K and period ¢ € 7 we are given a directed graph Gi,(Ni:, Air). The set O includes
all origin and destination depots, where O,, C O is the set of origin depots for vehicle k in period ¢ and
Oy, C O is the set of destination depots for vehicle k in period 7. In addition, # is the set of demand

points, D is the set of supply points, Ny, = O;, U O}
by vehicle k in period ¢, and Ay, = {(i, j): Vi, j € N, i # j} is the set of arcs connecting the latter. The

U P U D is the set of all points potentially reachable

correct definition of the sets O}, and O} implies that O} N O,;(t 11y # 0, i.e there is at least one depot where
vehicle k can end its tour in period ¢ and start its tour in period # + 1. The distance matrix is asymmetric,
with 7;; the length of arc (i, j) € Ay, for any vehicle k and period . Vehicle k can have a specific travel
time matrix for each period ¢, where 7;j, is the travel time of vehicle k on arc (i, j) € Ay, in period 7.
Point i € O U P U D has a single time window [A;, u;], where A; and y; stand for the earliest and latest
possible start-of-service time. Service duration at point i is denoted by ¢;, with service durations in the
set O being zero. A cost of & is charged for a visit to demand point i. The inventory holding cost and the
inventory capacity at demand point i are denoted by n; and w;, respectively. A safety inventory limit ;
arbitrarily close to zero is applied for demand point i. A cost y; is charged for a stock-out at and a cost ¢;

is charged for an emergency delivery to demand point i.

Each vehicle k is defined by a daily deployment cost ¢y, a unit-distance running cost S, a unit-time
running cost 6, and a capacity €. The maximum tour duration of vehicle & in period ¢ is denoted by Hy,.
If Hy, = 0, vehicle & is not available in period ¢. The correct definition of the sets O;, and O} implies that
when Hy, = 0,30’ € Ol’d, 0" € O;{’t s.t. my o = 0, i.e there is at least one physical depot at which vehicle
k can stay idle in period ¢. A penalty © is applied on the difference between the minimum and maximum
vehicle workload, the latter represented by the total duration of the tours a vehicle executes over the
planning horizon. Thus, the penalty serves as an incentive to balance workload among the vehicles. The
binary flags aj; denote whether demand point i is accessible for delivery by vehicle k in period . The
flags aji; can also be used to express continuity of service, restricting the vehicle(s) that can visit a given
demand point. There is the option of imposing periodicity on the visit schedules. The set C; contains
the visit period combinations for demand point i, and the binary constant «,; denotes whether period ¢
belongs to visit period combination r € C; for any given demand point i. The set £; defines for each

demand point i its inventory levels for the discretized ML policy.

We introduce the following binary decision variables: x;j, = 1 if vehicle k traverses arc (i, j) in period ¢,

0 otherwise; y;; = 1 if demand point i is visited by vehicle & in period t; zz; = 1 if vehicle & is used in
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Table 1: Notations

Sets

T planning horizon = {0, ..., u} T+ shifted planning horizon = {1,...,u,u + 1}

0, set of origin points for vehicle k in period ¢ oy set of destination points for vehicle k in period ¢

P set of demand points D set of supply points

N =0, U0 UPUD K set of vehicles

(G) set of trips executed by vehicle k 5 a particular trip in &;

Ny number of visits in .’ S, set of demand points in trip . visited in period ¢

Ci set of demand point visit period combinations for  £; set of discrete levels for demand point i
demand point i

Parameters

Pir stochastic demand of point i in period ¢ (random variable)

Eir stochastic error term of demand point i in period ¢

i length of arc (i, j)

Tijke travel time of vehicle k on arc (i, j) in period ¢

Ai, i lower and upper time window bound at point i

o; service duration at point i

& visit cost to demand point i (monetary)

n; inventory holding cost at demand point i (monetary)

w; inventory capacity of demand point i

K safety inventory at demand point i

Xi stock-out cost at demand point i (monetary)

& emergency delivery cost to demand point i (monetary)

T = 1 if demand point i is in a state of stock-out in period ¢, 0 otherwise

Ok daily deployment cost of vehicle k (monetary)

B unit-distance running cost of vehicle k (monetary)

O unit-time running cost of vehicle k£ (monetary)

Q capacity of vehicle k

Hy, maximum tour duration for vehicle & in period ¢

(C] penalty on the difference between the minimum and maximum vehicle workload over the planning horizon

Wi =1 if demand point i is accessible for delivery by vehicle & in period ¢, 0 otherwise

Uy = 1 if period 7 belongs to visit period combination r, 0 otherwise

W route failure cost multiplier (RFCM)

Cs the average routing cost of going from S € .%, to the nearest supply point and back (monetary)

Decision Variables

Xijkt
Yikt
Zke
Cir
girt
ikt
Qikr

S ikt
bkls Ekl
B.B

= 1 if vehicle k traverses arc (i, j) in period ¢, 0 otherwise

= 1if point i is visited by vehicle & in period ¢, 0 otherwise

= 1 if vehicle £ is used in period #, 0 otherwise

=1 if visit period combination r is assigned to demand point i, 0 otherwise

= 1 if discrete level r is chosen for demand point 7 in period #, 0 otherwise

expected delivery quantity to demand point i by vehicle k in period ¢

expected cumulative quantity delivered by vehicle k when arriving at point i in period ¢

expected inventory at demand point i at the start of period ¢

start-of-service time of vehicle k at point 7 in period ¢

lower and upper bound on the tour duration of vehicle & in period ¢

lower and upper bound on the workload for each vehicle
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period ¢, O otherwise; v; = 1 if visit day combination r € C; is assigned to demand point i, 0 otherwise;
¢y = 1 if inventory level r of the discretized ML policy is chosen for demand point i in period ¢, 0
otherwise. In addition, the following continuous variables are used: g, is the expected delivery quantity
to demand point i by vehicle k in period #; Qj is the expected quantity on vehicle k when arriving at
pointi € O UP U D in period t; I;; is the expected inventory at demand point at the start of period 7; S
is the start-of-service time of vehicle k at point i € O U P U D in period t; by, and by, are the lower and

upper bound on the tour duration of vehicle k in period #; and B and B are the lower and upper bound

we develop the optimization model’s objective and constraints, respectively. Both the objective and the
constraints are presented in a distribution context, with only minor changes needed to modify them for a

collection or other context.

5.1 Objective Function

The objective function consists of six components. The Expected Inventory Holding Cost (EIHC) is the

cost due to keeping the expected inventory at the demand points:

EIHC = Z Zn,-l,-,. (10)

teTUT t ieP

The Visit Cost (VC) component applies a cost for each visit to a demand point:

VC = ZZZfz’yik:- (11)

teT keK ieP

The Routing Cost (RC) component applies the three vehicle-related costs, namely the daily deployment
cost ¢y, the unit-distance running cost B and the unit-time running cost 8, for each period ¢t € 7 and
each vehicle k € K:

RCZZZ ©kZkr + Pk Z Z TijXijke + Ok Z Sorkt — Z Soull. (12)

teT ke i€Nkt jENK 0"€0), 0’0,

The Workload Balancing (WB) component attempts to balance the workload over the planning horizon
equally among the vehicles. It penalizes the difference between the lowest and the highest workload and

is expressed as:
WB =0(B-B). (13)

The Expected Stock-Out and Emergency Delivery Cost (ESOEDC) component, as its name suggests,

reflects the stock-out and emergency delivery cost and writes as:

ESOEDC :Z Z (]P’ (O'i,:l ’A,-m: m = max (O,g <t:dkeK: yikgzl)) [)(,- +& -4 Z)’ikt]], (14)

teTUT + ieP keK

where the probability of being in a state of stock-out is conditional on the most recent regular delivery,
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identified for each demand point i by the index m. For a given demand point i, the max operator returns
the period O if the demand point has not had any regular deliveries before period ¢, or the period g of the

most recent regular delivery. The inventory of point i after delivery in period m is defined as:

Aim = Tin + ) Gt (15)
ke

For period t and demand point i, the ESOEDC applies the stock-out cost y; and the emergency delivery
cost ¢; in case there is no regular delivery in that period, and only the stock-out cost y; in case there is a
regular delivery. Although there is no uncertainty in period ¢ = 0, we still need to pay the stock-out cost
if the demand point is in a state of stock-out. On the other hand, the inventories at the start of the first
period after the end of the planning horizon are completely determined by the decisions taken during the
planning horizon. For this reason, the ESOEDC is computed forr € 7UT *, where 7+ = {1,...,u,u+1}.
The probabilities that appear in the expression for the ESOEDC are the state probabilities from the trees

The expected route failure cost (ERFC) captures the risk of the vehicle running out of capacity before
reaching the next scheduled visit to a supply point due to higher than expected demands. It is expressed

as:

Ne—1

ERFC= )" > 3 yCoP(nQi<Ey < (n+ Q). (16)

keK S €S n=1

where & is the set of supply point delimited trips executed by vehicle k, . € &y is a particular trip
in that set, N is the number of deliveries and = the quantity delivered in that trip, and C & is the
average routing cost of going from the demand points in .# to the nearest supply point and back. The
set Sy is generated by inspecting the routing variables x;x, for each vehicle k and identifying the supply

point delimited trips. The last trip executed by vehicle k for the planning horizon, even if it does not

route failures in each trip ., with the number of route failures limited at the extreme by the number of

deliveries N minus one. The quantity delivered in the trip . is defined as:

=1
Er= ), D Mo-To+ D, > Z(AH—AW me],

Spe s€8) te7\0 S, seS; h=m (17)

where m = max(0,g < t: IK' € K: ygog = 1).

In the formula above, S; denotes the set of demand points in trip . visited in period ¢. The expression
Ay — ANg + Z;; lm Psi, represents the quantity delivered to demand point s in period ¢ > 0, and is the
difference between the point’s inventory levels after delivery in periods # and m, plus the random demands
from period m to period ¢ — 1. This expression collapses to the OU policy for Ay = Ay, = ws, in which
case the quantity delivered to point s is simply Zf;lm Psh- As in the ESOEDC, the index m identifies
the most recent regular delivery to point s. The parameter y € [0, 1], which we refer to as the Route
Failure Cost Multiplier (RFCM), is used to scale up or down the degree of conservatism implied in the

ERFC.
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The resulting objective function z is non-linear and is the sum of the six components presented above:

min z = EIHC + VC + RC + WB + ESOEDC + ERFC. (18)

objective function is evaluated over the planning horizon, but the decisions to implement are those in
period ¢ = 0. As a consequence, the decisions we implement in period ¢ = 0 are forward-looking. After
they are implemented, the planning horizon is rolled over by one period and the problem is solved again.

Thus, at each rollover we include more information about the future. This rolling horizon approach was

the contrary, if we were to solve the problem period by period in isolation, this would lead to myopic

decisions, often or always postponing deliveries/collections for the future in order to minimize the routing

tracking at the supply points.

Justification. Inventory tracking at the supply points is relevant when there is restrictive capacity at the
supply points. However, in the presence of multiple supply points, uncertainty propagates in several ways
that are difficult to capture unless the objective function is evaluated by simulation at each iteration of the

solution algorithm. Examples include but are not restricted to:

o The effect of emergency deliveries/collections on the supply point inventories, where it is unclear

which supply points will be affected and by how much.

o The effect of undelivered quantity on the vehicle when reaching a supply point. This is due to lower

than expected demands of the previously visited points.

Nevertheless, in most cases the supply point inventories are easier to monitor and manage. In many
collection problems, e.g. waste collection, tracking supply point inventories is irrelevant. Thus, in terms

of practical implications, the effect of this assumption in most realistic situations is limited.

5.1.1 Calculating the Route Failure Probabilities

Proposition 4. The route failure probabilities cannot be pre-computed.

Proof. As per formula (17), the route failure probabilities depend on Ay and Ag,, whose values are not

known in advance, but depend on the decision variables g, and g gp- O

As a consequence, the route failure probabilities need to be calculated at runtime. However, the infor-

mation needed for their calculation can to a large degree be pre-processed. This approach relies on

variables, and the column index identifies the number of summed random variables. The number of
columns is the number of demand points || multiplied by the number of periods in the planning horizon

minus one, i.e. (|7 — 1). We disregard the demands in the last period of the planning horizon, as given
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horizon, where tours are not planned. The number of rows M should be sufficient to ensure the satisfactory

precision of the probabilities.

P(an < Eyi < (I’l+ I)Qk) =

=Py < E(Ey)+8 <(n+ 1)Qk) =

(19)
= ]P)(an - E(Ey) <& < (I’L + I)Qk - E(Ey)) =
=PE<n+ D -EEy)) —P(E < ny —EEy)),
where:
t—1
E@Es) = ), Y Aho-To)+ >, > D |Aa—Am+ D Epw)|,
Spe. s€8Sy te7T\0 S,e.7 seS; h=m ( 2 0)

and & = Z Z Ziash’

1€T\0 S,e.7 s€S, h=m

5.1.2 Objective Function Overestimation of the Real Cost

While the ESOEDC component captures the probability of demand points experiencing an undesirable

event on each day of the planning horizon, the rest of the components do not, as the probability expressions

and route failure cost of demand points stocking out earlier than expected. Given their assumptions,
if a demand point stocks out earlier than expected, it is simply skipped in the tours. The complexity
of our framework prevents us from developing analytical expressions of the effect of demand points
experiencing an undesirable event earlier than expected on all components of the objective function. Yet,
we can to a certain extent analyze the mismatch between the modeled objective function cost and the real

cost.

Definition 4. Given a scenario in which a demand point experiences an undesirable event earlier than
expected, a reaction policy defines how the subsequent decisions are changed in response to the recourse

action. We distinguish between the recourse action, such as an emergency delivery or collection, and the
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reaction policy.

Reaction policies can vary from doing nothing to completely re-optimizing the subsequent decisions.

Proposition 5. Given the un-captured effect of demand points experiencing an undesirable event earlier

real cost, in any context.

Proof. Take a demand point i that experiences an undesirable event, such as a stock-out or an overflow,
in period g and is not visited for regular service in period g. Considering a do-nothing reaction policy,
there will naturally be no effect on the VC, RC, WB and ESOEDC components of the objective function.
Note also that, for a given solution, the ESOEDC component already captures the probability, and hence
the expected cost, of the undesirable event for each demand point in each period of the planning horizon.
Disregarding the EIHC component, it remains to analyze the effect on the ERFC component. We identify

two basic scenarios:

1. Point i is never visited for regular service or is only visited for regular service in periods t < g. In
all these cases, there is no emergency service before the tours, if any, which visit point i for regular
service. Thus, the ERFC component is unaffected, hence the total cost is unaffected. The objective

function matches the real cost.

2. There is at least one visit for a regular collection from point i in periods t > g. Since the tour
visiting point i for regular service would distribute or collect less volume, the ERFC component
overestimates the real route failure cost. Therefore, the objective function overestimates the real

cost.

Naturally, given the existence of a more sophisticated reaction policy, the overestimation of the real
cost may be higher. On the other hand, the costs applied by EIHC component are not symmetric for a
distribution and a collection context. In a collection context, an emergency collection reduces inventory.
In this case, even in presence of the EIHC component, the objective function overestimates the real cost.
However, in a distribution context, an emergency delivery increases inventory and the direction of the

final effect of all components on the objective function is unclear. O

The overestimation due to the do-nothing reaction policy is straightforward to evaluate using simulation
on the final solution. However, since the effect of an optimal reaction policy requires re-optimizing the
rest of the planning horizon after an undesirable event, it is impossible to have a precise evaluation for a
sufficient number of scenarios. Nevertheless, we can propose bounds depending on what components

are included in the objective function as well as other assumptions. We examine this in more detail in

5.2 Constraints

Starting from the basic routing constraints, tours have an origin and a destination depot, as ensured by
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depots. Given the possibility of open tours, we need to ensure that a vehicle’s destination depot in period ¢

ensure flow conservation.

DD Fw= D D Kiew VieT ke K 1)

0'€0;, jeNu ieNy 0" €0,
D Xk =0 Vie T, keK,o €0, (22)
i€ENy
D X =0 Vie T ke kK, 0" €O, (23)
JENK
D Xiow = D Xojusn) VieT,keK,0€0)N0., (24)
€Ny JENK(t+1)
Vit = ) i Vie T keK,ieNu\Oy, (25)
JENK
Vi = D Xijia VieT.keK,jeOy, (26)
€N
Dy <1 VieT,icP 27)
ke
Vike S ikt YVieT ke K,ice DUP (28)
injktzzxﬂk, VieT,keK,je DUP (29)
€N €N

The periodicity related constraints establish that a demand point i may be visited in periods r drawn from

one of several visit period combinations C; for demand point i. Constraints (30) assign exactly one visit

can contain visit period combinations with different frequencies, which makes the visit frequency part of

the optimization decisions.

Z cir =1 Vie P (30)
rEC,'

Zyikt_za’rtcirzo YteT,ieP (31)
keK reC;

The inventory constraints at the demand points include constraints (32), which track the expected inventory
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that if demand point is visited, then a discrete inventory level after delivery must be chosen. Constraints

the point is visited, the chosen level will be higher than the expected inventory. Constraints (38) force the

delivery quantity to zero if the point is not visited. If the sets £; = {w;}, Vi € P, the discretized ML policy

reduces to the OU policy.
Iy = i1y + Z gik-1) — E(pi¢-1)) VieT T ieP (32)
keK
Ii; > ki VieT ieP (33)
ki — lijp < i Zyiko VieP (34)
ke
> v =Y i =0 VieT,ieP (35)
keX rel;
Jitt = Z i — Iy — (1 = yirr)w; VieT keK,ieP (36)
reL;
Gitt < Z iy — Iy + (1 = yirr)w; VieT ,keK,ieP 37)
I"EL,'
Gikt < WYike VieT keK,ieP (38)

In the context of vehicle capacities, constraints (39) limit the cumulative quantity delivered by the vehicle

optional, and imposing them forces a visit to a supply point immediately after the origin depot, which
is appropriate in many applications in a distribution context. Similarly, setting the cumulative quantity
to zero at the destination depot will force a visit to a supply point just before it, which is appropriate

in many applications in a collection context. Keeping track of the cumulative quantity delivered by the

one period to the next.

Gike < Qike < VieT,keK,iecP (39)
Qi =0 VieT,keK,ie D (40)
Qo = Vie T, keK,0 €O (41)
Qits + Gt < Qi + Qi (1= Xija) Vi€ T,k €K,i€ N j€Nu\D (42)
Qukit+1) = Qorke VieT ,keK,0eO,0’ €0” (43)

The next set of constraints express the intra-period temporal characteristics of the problem. Constraints
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and B is the difference between the lowest and highest vehicle workload over the planning horizon.

Sike +0; + Tijir < S jpr + (Mi +0; +Tijkt)(1 - xijkt) VieT, ke K,i€ Ny, j€ Nu (44)

AiYike < Sike < HiYike Vie T, keK,i€e€ Ny (45)
bir < Z Sorke — Z S ke < big VieT,keK (46)
0"e0;, 0'€0;,

b < Hiazia, Vie Tke K (47)

B < Z b Vk e K (48)
el

B> ) by Vk e K (49)
teT”

Xijkt> Vikt» Tkt Cir' s Cirrre € {0, 1} Vte T, ke K, i,je Nu,r" €Ci,r’" € L; (50)
Gikes Qike> Lits S ike» bkt Bkta B, B>0 VieT ke K,ie Ny (S1)

6 Application Examples

fields of routing and logistics optimization. In the sections below, we discuss in more detail a vehicle
routing problem, a health care inventory routing problem, a waste collection inventory routing problem, a

maritime inventory routing problem, and a facility maintenance problem.

6.1 The Vehicle Routing Problem

In a VRP setting, the presence of stochastic demands may lead to route failures but stock-outs/overflows

do not apply. The objective function formulation includes the two components:
min z = RC + ERFC. (52)

The generalized framework can be applied to a stochastic VRP setting in the following way. The planning
horizon 7~ = {0, 1, 2} contains three periods and Hyy = Hyy = 0, Yk € K, i.e. no vehicle is available in
periods ¢t = 0 and t = 2. Moreover, Iy = w; and L; = {w;}, Vi € P, i.e. the initial inventory of all demand

points is equal to capacity and we apply an OU inventory policy. Thus, given the action sequence of

demand point capacity w; does not apply per se, it should be such that p;y < w; for all possible realizations
of the demand. The VRP is a single-period problem and the fact that it is solved for period ¢ = 1 is of no
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point in period # = 1, in order to guarantee a feasible VRP solution.

Divm=1 Viep (53)

6.2 The Health Care Inventory Routing Problem

The health care IRP generalizes the nurse routing and scheduling problem, in which nurses visit patient
homes to provide treatment. In this problem, # is a set of patient homes, while 9 is a set of medical facil-
ities. In addition to providing treatment, nurses deliver medications with stochastic demand. Continuity
of service and workload balancing, which are the two paramount concerns in the nurse routing problem,
are supported by the framework. As is the periodic aspect, given that medical treatments usually have to
be performed with a certain frequency. Pricing can also be introduced in the setup via a negative visit

cost. The objective function is composed of the five components:

min z = VC + RC + WB + ESOEDC + ERFC. (54)

6.3 The Waste Collection Inventory Routing Problem

In this IRP variant, trucks collect waste from containers with stochastic demands. In the application that
we consider, £ denotes a set of sensorized containers for recyclable materials, while 9 denotes a set of

recycling facilities. The objective consists of the three components:
min z = RC + EOECC + ERFC, (55)

where EOECC is the Expected Overflow and Emergency Collection cost, a collection context counterpart

which assumes a normal distribution for the stochastic error component. They use objective (55) to solve
rich IRP instances derived from real data coming from the canton of Geneva, Switzerland. The result

is a significant reduction in the occurrence of container overflows for the same routing cost compared

approach and derive empirical lower and upper bounds.
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6.4 The Maritime Inventory Routing Problem

In this problem, a fleet of ships transports petroleum products from a set D of supply terminals to a set

% of demand terminals with limited inventory capacity. A particular feature of this application is that

the state of stock-out at a demand terminal is a final state. Once it is reached, the terminal stays in a state

of stock-out unless there is a regular delivery planned by the optimization model. The tree depicted in

graph includes an artificial source s and sink e. In each period, a ship may stay at the same point or move
to another point. In other words, the problem is characterized by open and multi-period tours, which
may include idling. Our framework implicitly allows for multi-period tours, by generating an origin and
destination depot at zero distance from each demand and supply terminal. A tour can thus effectively end

at a demand or supply terminal in period ¢ and start from it in period 7 + 1.

The objective is the sum of five components:

min z = EIHC + VC + RC + ESOC + ERFC, (56)

Figure 4: State probability tree for a demand terminal without regular deliveries
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where ESOC is the Expected Stock-Out Cost component, which is modified from the ESOEDC component

as:

ESOC = Z Z (P(orie = 11 Az m = max (0. g < 1: Ik € K: yige = 1)) xs). (57)
teTUT T+ ieP

6.5 The Facility Maintenance Problem

The facility maintenance problem is a probability-based routing problem in which a set of facilities is
visited by a set of technicians for inspection and repair. In this problem, the set P represents the facilities,
while the set D is irrelevant and can be reduced to a dummy supply point. Uncertainty with respect to
breakdowns can be considered as accumulating as would inventory. Consider facility i € ¥ in period ¢.
We can interpret state o;; = 1 as a breakdown, and the state o;; = 0 as operational. If a facility is in a
state of breakdown in period ¢, an emergency visit must be performed to repair it. However, there is no

expected period in which a facility will be in a state of breakdown. The probability of a breakdown is a

the probability of a breakdown, which depends on the number of periods g that have elapsed since the
most recent visit. The technicians are scheduled to perform inspections of the facilities over the planning
horizon. An inspection visit starts a new state probability tree as would a regular delivery/collection. The

probability function pf can, for example, be defined as:

¢ _ arctan(ag)
= —— 58
P; 2 (58)
where a is a tunable parameter defining the curvature of the probability function. The complete objective

is the sum of the three components:
min z = VC + RC + EERC, (59)
where EERC is the Expected Emergency Repair Cost, which is expressed as:
EERC = Z Z(P(o-it =1|m:m=max(0,g <: Ik eK: yy, =1)))- (60)
1€TUT ieP

The concept of route failure does not exist in the facility maintenance problem. All inventory related

facility in a state of breakdown in period ¢ = 0.

> yio =1, VieP:og=1 (61)
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Figure 6: State probability tree for a facility without inspection visits
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7 Methodology

Our generalized framework is not limited to any specific solution methodology. Various meta-heuristic

exhibits excellent performance on VRP and IRP benchmark instances from the literature, as well as on
waste collection IRP instances derived from real data coming from the canton of Geneva, Switzerland.

Here, we discuss the additions and changes to the original algorithm in order to account for all the

7.1 Solution Representation

The ALNS admits infeasible intermediate solutions with all types of feasibility violations described in

context in which it is presented. Using (x)* = max{0, x}, we have:
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1. Vehicle capacity violation V}(s) is redefined to capture the more general concept of trips in the
framework, with trips being supply point delimited sequences, possibly spanning over multiple

periods. It is the sum of excess volume delivered in each trip and is formulated as:

+

Ve = 10 D) D aw— x| (62)

keK S e \1€T Sie seS;
2. Time window violation V¥(s) is the total violation of the visited points’ upper time window bounds.
It remains unchanged.

3. Duration violation is the sum of excess tour durations. It is redefined to reflect the presence of

multiple origin and destination depots:

+

VA =331 D Som— D Sow—H|. (63)

teT keK \o”e€0” 0’eQ’

4. Demand point capacity violation is redefined for a distribution context and computes the sum of

negative demand point inventories Yz € 7 *,i € P, or:

Vs = ) ) It (64)

teT+ ieP

5. Backorder limit violation is redefined for a distribution context and is the sum of negative demand
point inventories in period ¢ = 0, Vi € P that are not visited in period ¢ = 0. In mathematical terms,

this is expressed as:

Vo= ([1 -2, y,-ko] (—1,0)*). (65)

i€P keK

6. Accessibility violation V“(s) is the sum of the unaccessible point visits. It remains unchanged.

7. Visit period combination violation captures visits to demand points performed outside of the
assigned visit period combinations, as well as unperformed visits when such are required by the

assigned visit period combinations. Mathematically, it is expressed as:

Vi) = D D | D= D ancir . (66)

teT ieP | keK reC;

With the above violations, the complete solution cost during the search is represented by:
£(s) = z(s) + L2VR(s) + LAVH + LAVH(s) + LOV9(s) + LOVO(s) + LOV(s) + L'V'(s),  (67)

where parameters L through L" penalize each type of feasibility violation.
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7.2 Operators

To incorporate the features of the framework, we need to both develop new operators and introduce

three new repair operators to the ALNS:

1. Replace a destination depot: This operator selects a random tour and replaces its destination depot

with a random destination depot o € O/,

and k € K is the vehicle executing it. The algorithm then finds min#’ > ¢ s.t. Hyy > 0, i.e. the next

where ¢ € 7 is the period in which the tour is executed

period ¢’ for which vehicle k is available, and changes the origin depot of the tour that vehicle k

executes in period ¢’ to o.

2. Change visit period combination: This operator selects a random demand point i € P and assigns

to it a random visit period combination r € C;.

3. Change inventory level after delivery: This operator selects a random tour executed in period ¢ and
a random demand point i in this tour. It then selects a random level r € £; s.t. A;; = rli; > I;; and

assigns it to demand point i in period .

The change visit period combination operator is applied to each demand point i € $ before the start
of the search in order for the visit period combination violation to be defined. Finally, the presence of
visit period combinations may render infeasible an excessive number of solutions. In order to keep this

number under control, various modifications may be applied to the destroy and repair operators described

e demand point i € $ may be inserted in a tour executed in period ¢, only when a,; = 1, i.e. when

period ¢ belongs to the visit period combination r assigned to demand point i,

e demand point i €  may be removed from a tour executed in period #, only when @,; = 0, i.e. when

period ¢ does not belong to the visit period combination r assigned to demand point i,

e demand points i and j € P belonging to different tours may be swapped in both conditions above
hold.

More sophisticated logic may also be applied, for example inserting a demand point in all periods
belonging to the assigned visit period combination and removing it from all periods not belonging to
it.

8 Numerical Experiments

In the following, we carry out a series of experiments to investigate various features of the proposed

errors, on the expected cost. It shows to what extent implementing or investing in better forecasting
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techniques would improve the solution cost. The next two sets of experiments focus on modeling-related

a new case study based on the facility maintenance problem, a probability-based routing problem, and
develop computational experiments on instances derived from real data. The ALNS is implemented as
a single-threaded application in Java, and the probability calculations for the state probability trees are
performed in R. All tests have been run on a 3.33 GHz Intel Xeon X5680 server running a 64-bit Ubuntu

16.04.2. In all experiments below, each instance is solved 10 times using the ALNS parameter tuning as

Switzerland in 2014, 2015, or 2016. Tours are constrained to a maximum duration of four hours each, and
the time windows correspond to 8:00 a.m. to 12:00 p.m. The planning horizon is seven days long, starting
on Monday and finishing on Sunday. Each instance contains a maximum of two trucks of volume capacity
in the order of 30,000 liters and weight capacity of 10,000 to 15,000 kg, not available on Saturday and
Sunday. On average, there are 41 containers per instance, and the maximum is 53, and their volumes
range from 1000 to 3000 liters. Two dumps are located far apart in the periphery of the city of Geneva.
The trucks incur a daily deployment cost of 100 CHF, a cost of 2.95 CHF per kilometer and a cost of 40

CHEF per hour. The overflow cost is set to 100 CHF. The demands for each instance are forecast using the

Cumulative Distribution Functions (ECDFs) in the calculation of the route failure probabilities. Clearly,

the main risk of using ECDFs is their impact on computation time and the precision of the result they

distributed error component provided by the forecasting model to construct a matrix E with M = 100, 000
rows for each instance and derive ECDFs, which are then used at runtime. The ECDFs are constructed
using the EmpiricalDistribution class of the Apache Commons Math 3.6.1 release{ljﬁ, We test two
configurations for the ECDFs, one binning the 100,000 draws in 1000 bins and one binning them in 100
bins. Computational experiments show that the configuration with 1000 bins exhibits a squared error with
respect to the normal distribution in the order of 1077, while for the configuration with 100 bins, it is in
the order of 107°. Additionally, for each of these two configurations, we test two versions of the ALNS.

The first one is the “original” version, which calculates the probability of route failure at each change in
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Table 2: Impact of ECDFs on computation time

Cost (CHF) Runtime (s.) ECDEF calls (millions)
ALNS version Bins ECC RFCM Best Avg  Worst Best Avg Worst  Best  Avg  Worst
Original - 100 1 662.65 666.64 672.87 870.65 906.84  936.40 - - -
Original 1000 100 1 662.82 66697 67343 1028.87 1096.86 1153.05 84.91 9493 105.52
Original 100 100 1 66229 666.61 67340 912.54 95596  990.57 84.11 94.54 103.84
Efficient 1000 100 1 662.63 666.74 673.35 909.06 948.77 982.68 5295 5890  65.00
Efficient 100 100 1 66249 66646 672.73 869.52 903.81 932.79 5294 5844  63.90

the solution. The second one is the “efficient" version, which uses the ECDFs more sparingly, calculating
the probability of route failure only when changes include inserting new points into or removing points

from a tour, but not when points in a tour are only rearranged.

one route failure per depot-to-dump or dump-to-dump trip. In addition, trips do no span over consecutive
periods, as each daily tours ends with a visit to a dump just before the destination depot. In the table,
each row reports averaged values over the 63 instances. The first column identifies the version of the

ALNS used, i.e. original vs. efficient, while the second one identifies the binning configuration. A dash

which we compare the effect of using ECDFs on the computation time. The next two columns show the
ECC and the RFCM, which are the same for all instances. The fifth, sixth and seventh column present
the best, average and worst cost over 10 runs. In a similar fashion, the eight, ninth and tenth column

report the best, average and worst computation time, and the eleventh, twelfth and thirteenth column

that the different implementations have no impact on the solution cost. However, there is a significant
impact on the computation time and the number of calls to the ECDFs. The efficient implementations
use approximately 40% fewer calls to the ECDFs, with a corresponding reduction in computation time
of 10-15% for the configuration with 1000 bins and about 5% for the configuration with 100 bins. Both
efficient implementations are faster than the original implementations. We observe also that the efficient
implementation with 100 bins has a computation time that is virtually the same as that of the base
implementation with an analytical approximation of the normal distribution. However, as mentioned
before, the binning configuration with 1000 bins has an error which is one degree of magnitude lower,
while the computation time is only about 5% higher. Thus, this configuration may be preferable. In sum,
the results show that for the 63 instances under consideration, the use of ECDFs has only a minor impact

on the computation time. Further testing is needed to confirm whether this result holds in general.

8.2 Evaluating the Impact of Better Forecasts

Given the central role of forecasting in our framework, this section studies the effect of better forecasts

on the quality of the solution. In particular, it tries to answer the question of whether it is beneficial to
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implement, or invest in, better forecasting techniques. The experiments are performed on modifications

errors &;,, where &;; Ad) N (0, gz). To emulate having access to different quality of forecasts, we proceed
as follows. First, we replace the expected demands [ (p;;) by the observed demands pf, from the historical
data. Secondly, we perturb the observed demands by drawing randomly from N (O, ng), where the
forecasting error multiplier v € {0.00, 0.25,0.50,0.75, 1.00}. Thus, each of the 53 original instances is
transformed into 5 instances, where the forecast quality ranges from perfect for v = 0 to the one resulting

from the current forecasting techniques for v = 1.

is closer to exponential than to linear. To verify this, we perform a linear and an exponential fit, where the
explanatory variables are the forecasting error multiplier v and a dummy variable for each subset of 5

instances except one. The exponential fit is based on the formula:

72(s) ~a + exp(b + cP), (68)

where a, b and the vector ¢ are estimable parameters, and P is the matrix of explanatory variables. The
linear fit produces an adjusted R? of 0.82, and has a Residual Sum of Squares (RSS) of 1,784,393. In
comparison, the exponential fit has an RSS of 1,185,938, which is lower by one third. This result gives an
indication that the solution quality improves exponentially with the improvement in the forecast quality.
Thus, implementing, or investing in, better forecasting techniques would have an important impact on the
solution of the 63 instances under consideration. Further testing is needed to confirm whether this result

holds in general.

Figure 7: Cost distribution for different forecasting error multipliers
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Figure 8: Linear vs. exponential fit for different forecasting error multipliers.
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8.3 Using Simulation to Evaluate the Objective Function Overestimation of the Real
Cost

un-captured effect in most parts of the objective function of demand points experiencing an undesirable

event, such as a stock-out or an overflow, earlier than expected. The purpose of this section is to assess

independently the error terms &;;, where & NN (0, gz), and applying it to the expected demand E(p;,),
for each container i € $ and each day ¢ € 7. Then, in addition to evaluating the effect on the occurrence
of container overflows and route failures, we also assess the effect on the overestimation of the real cost

brought about by the occurrence of overflows.

Computing the overestimation due to a do-nothing reaction policy is trivial. In the absence of inventory
holding costs, which is the case for the waste collection IRP instances, the effect is only present in the
ERFC component. Naturally, the overestimation will be higher for an optimal reaction policy which, in the
occurrence of overflows, re-optimizes all subsequent decisions. However, computing the overestimation
due to an optimal reaction policy has a significant computational burden, as it requires that re-optimization
should be done during the 10,000 simulation runs for each instance. Thus, we develop the following
bound on the overestimation due to an optimal reaction policy. Take a container i that overflows in period
g and which is visited for regular collection in periods ¢ > g. Now, take the minimum period min # > g in
which container i is visited for regular collection and imagine that the optimal policy is so good that it
can remove the cost effect of container i from all periods ¢ > min ¢. In other words, 1) we remove the
container from all tours executed in periods ¢ > min ¢. This produces the highest possible overestimation
of the RC and ERFC components. 2) We also equalize to zero the probability of overflow in periods
¢t > min ¢, which leads to the highest possible overestimation of the EOECC component.

Using the objective function (55), with an ECC of 100 CHF and an RFCM of one, and assuming a single

overflow per trip, the results of the simulation runs indicate that, averaged over the 63 instances, the
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number of overflows ranges from 0.81 at the 75th percentile to 3.25 at the 99th percentile, while the
number of route failures ranges from 0.05 at the 75th percentile to 0.08 at the 99th percentile. At the
same time, the overestimation due to a do-nothing reaction policy is 0.00% for all simulation percentiles,
undoubtedly because of the marginal contribution of the ERFC component to the total cost. On the other
hand, the upper bound of the optimal reaction policy ranges from 0.02% at the 75th percentile to 1.07% at
the 99th percentile, indicating the very low level of overestimation of the real cost. At the 99th percentile,
the median overestimation is 0.65% and the maximum one is 9.08%. We also observe, not surprisingly,
a strong correlation in the order of 80% between the number of overflows and the upper bound of the

optimal reaction policy across the 63 instances.

8.4 Evaluating the Impact of Open Tours

improvements go up to more than 10% for some of the instances, and appear to be negatively related to

the instance size. To evaluate the effect of open tours on realistic instances, we use the 63 waste collection

RFCM of one, allowing open tours leads to an average decrease of 6.16% in the objective, with values

ranging from 0 to 12.07%. For the routing-only objective, consisting simply of the RC component, the

findings and conclusions therein are valid, and in fact even more pronounced, for a multi-day problem.

The improvements for a multi-day problem do not seem to be related to the instance size.

8.5 Solving the Facility Maintenance Problem

an average of 42 facilities, with a maximum of 62. Tours are constrained to a maximum duration of

four hours each, and the time windows correspond to 8:00 a.m. to 12:00 p.m. The planning horizon is

Table 3: Comparison between closed-tour and open-tour solutions

Type ECC RFCM Best Cost (CHF) Avg Cost (CHF) Gap Avg Best (%)
Complete & Closed Tours 100 1 662.80 666.93 0.62
Complete & Open Tours 100 1 622.60 647.54 4.00
Routing-only & Closed Tours 0 0 421.99 422.48 0.12
Routing-only & Open Tours 0 0 377.59 391.87 3.73
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seven days long, starting on Monday and finishing on Sunday. Each instance contains a maximum of
two vehicles, not available on Saturday and Sunday. The vehicles incur a daily deployment cost of 100
CHEF, a cost of 2.95 CHF per kilometer and a cost of 40 CHF per hour. The emergency repair cost for
each facility is set to 100 CHF and the visit cost to 1 CHF. For the breakdown probabilities, we use the
event probability function defined by expression (58) for a = 0.025. In addition, for each facility i € # in

period 0, we draw a random number between 1 and 5, inclusive, for the number of days since the most

recent visit.

To analyze the value added of the probabilistic objective function, we perform two types of experiments.

type, we use a deterministic objective function consisting of the VC and RC components only. In addition,

for the deterministic objective, since there is no constraint to force facility visits, we introduce a service

of the comparison, where each line is an averaged result over the 94 instances. The first column identifies
the objective used, i.e. probabilistic vs. deterministic. The second column reports the service level in
terms of the maximum allowed probability of breakdown. For the probabilistic objective this is 1, or in
other words it is trivially satisfied. For the deterministic objective, we test the levels of 0.10, 0.05 and
0.01. The next three columns report the average Routing Cost (RC), average Visit Cost (VC), and average
Expected Emergency Repair Cost (EERC). The latter only applies to the probabilistic objective function.

The last four columns present the average number of breakdowns after 10,000 simulations of the event

the probabilistic one. The first deterministic objective function with a service level p < 0.10 leads to a
halving of the routing and the visit cost, with a total saving of 408.07 CHF. Nevertheless, this decrease is
more than compensated by a higher number of breakdowns at all percentiles. By capturing this through
the expected emergency repair cost, the probabilistic objective integrates it in an intelligent way that leads
to a relatively moderate increase in the routing and visit cost, compared to a more significant decrease in

the realizations of breakdowns after simulations. Moreover, as in a collection context, the probabilistic

objective may be lower. Improving the service level to p < 0.05 in the deterministic objective leads to a
much higher routing and visit cost, but the number of breakdowns after simulation is still higher than that
of the probabilistic objective. Improving the service level even further to p < 0.01 results in infeasible

solutions for the currently used event probability function.

Table 4: Comparison of probabilistic vs. deterministic visit policies

Avg Num Breakdowns
Objective p< AvgRC AvgVC AvgEERC 75thperc. 90thperc. 95th perc. 99th perc.
Probabilistic  1.00  716.62 78.43 1,478.84 12.92 15.04 16.36 18.91
Deterministic  0.10  352.60 34.38 - 19.98 22.65 24.21 27.30
Deterministic  0.05  909.56 87.48 - 14.66 16.82 18.18 20.76

Deterministic 0.01 infeasible
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9 Conclusion

In this work, we introduce, analyze and formulate a generalized framework for solving various classes
of vehicle and inventory routing problems as well as other probability-based routing problems with a
time-horizon dimension. Demand is assumed to be stochastic and non-stationary and is forecast using
any forecasting model that provides expected demands over the planning horizon, with error terms from
any empirical distribution. The formulation includes many rich routing features relevant to real-world
problems, such as multiple depots, open and multi-period tours, intermediate facilities, time windows,
accessibility restrictions, visit periodicities and service choice, etc. The practical applicability of the
approach is reinforced by the fact that most probability values related to demand stochasticity can be
pre-computed. Thus, the effect on computation time is marginal, which is critical for operational problems,
such as waste collection, health care routing, and others discussed in the text. Finally, we show that some
problems where the inventory component is not present, such as facility maintenance, can still be viewed
through the prism of inventory routing, with event probabilities at the demand points, or breakdown

probabilities in this specific example, accumulating as would inventory.

We focus the numerical experiments on realistic instances of the waste collection inventory routing prob-
lem and the facility maintenance problem. We analyze the cost benefits of open tours and the availability
of better forecasting methodologies. We demonstrate that relaxing the distributional assumptions on the
forecasting error terms and calculating probabilities using empirical cumulative distribution functions
has only a minor impact on computation time. Simulating the error terms on the final solution further
allows us to verify the low level of occurrence of undesirable events and shows that the objective is an
excellent representation of the real cost. Capturing the facility breakdown probability in our framework
leads to significantly fewer realized breakdowns after simulation, while having only a moderate effect
on the routing and visit cost. There are three main directions for future work. The first one concerns
the mathematical model and the assumptions behind it. Developing a more comprehensive objective
function that captures more of the probability propagations may make it possible to relax some of the
assumptions and to allow an even richer routing setting. Secondly, developing more benchmark instances
will allow testing the framework’s full capabilities on different problem types. While there exist bench-
mark instances for many of the reviewed problems, they are largely deterministic or involve a very simple
routing structure. In order for the conclusions to be meaningful, it is critical that the instances represent
or at least are derived from real data. Finally, tests on additional instances will help improve the solution

methodology by parameter tuning and identifying missing and potentially useful new operators.
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